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About This Report

The goal of the Yet AnotherHaskellTutorial is to provide a completeintoductionto
theHaskellprogramminglanguage.It assumesno knowledgeof theHaskelllanguage
or familiarity with functionalprogrammingin general. However, generalfamiliarity
with programmingconcepts(suchasalgorithms)will behelpful. This is not intended
to be an introductionto programmingin general;rather, to programmingin Haskell.
Sufficient familiarity with your operatingsystemanda text editor is also necessary
(this reportonly discussesinstallationon configurationon Windowsand*Nix system;
otheroperatingsystemsmaybesupported– consultthedocumentationof yourchosen
compilerfor moreinformationon installingon otherplatforms).

What is Haskell?

Haskell is calleda lazy, pure functionalprogramminglanguage.It is called lazy be-
causeexpressionswhich arenot neededto determinetheanswerto a problemarenot
evaluated. The opposizeof lazy is strict, which is the evaluationstrategry of most
commonprogramminglanguages(C, C++,Java,evenML). A strict languageis onein
which everyexpressionis evaluated,whethertheresultof its computationis important
or not. (This is probablynot entirelytrueasoptimizingcompilersfor strict languages
oftendowhat’scalled“deadcodeelmination”– this removesunusedexpressionsfrom
the program.) It is calledpure becauseit doesnot allow side effects (A side effect
is somethingthataffectsthe “state” of the world. For instance,a function thatprints
somethingto thescreenis saidto beside-effecting,asis a functionwhich affectsthe
valueof a globalvariable.)– of course,a programminglanguagewithout sideeffects
wouldbehorribly useless;Haskellusesa systemof monadsto isolateall impurecom-
putationsfrom therestof theprogramandperformthemin thesafeway(seeChapter9
for a discussionof monadsproperor Chapter5 for how to do input/output in a pure
language).

Haskell is called a functional languagebecausethe evaluationof a programis
equivalentto evaluatinga function in the puremathematicalsense.This alsodiffers
from standardlanguages(like C andJava) which evaluatea sequenceof statements,
oneaftertheother(this is termedan imperative langauge).

iii



iv

The History of Haskell

Thehistoryof Haskellis bestdescribedusingthewordsof theauthors.Thefollowing
text is quotedfrom thepublishedversionof theHaskell98 Report:

In Septemberof 1987a meetingwasheldat theconferenceon Functional
ProgrammingLanguagesandComputerArchitecture(FPCA’87) in Port-
land, Oregon, to discussan unfortunatesituationin the functional pro-
grammingcommunity:therehadcomeinto beingmorethana dozennon-
strict, purely functionalprogramminglanguages,all similar in expressive
power andsemanticunderpinnings.Therewasa strongconsensusat this
meetingthatmorewidespreaduseof thisclassof functionallanguageswas
beinghamperedby thelack of a commonlanguage.It wasdecidedthata
committeeshouldbe formedto designsucha language,providing faster
communicationof new ideas,a stablefoundationfor realapplicationsde-
velopment,anda vehicle throughwhich otherswould be encouragedto
usefunctionallanguages.This documentdescribestheresultof thatcom-
mittee’sefforts: apurelyfunctionalprogramminglanguagecalledHaskell,
namedafterthelogicianHaskellB. Currywhoseworkprovidesthelogical
basisfor muchof ours.

Thecommittee’sprimarygoalwasto designa languagethatsatisfiedthese
constraints:

1. It shouldbesuitablefor teaching,research,andapplications,includ-
ing building largesystems.

2. It shouldbe completelydescribedvia the publicationof a formal
syntaxandsemantics.

3. It shouldbefreely available. Anyoneshouldbepermittedto imple-
mentthelanguageanddistributeit to whomever they please.

4. It shouldbebasedon ideasthatenjoya wideconsensus.

5. It shouldreduceunnecessarydiversity in functional programming
languages.

The committeeintendedthat Haskell would serve as a basisfor future
researchin languagedesign,andhopedthatextensionsor variantsof the
languagewouldappear, incorporatingexperimentalfeatures.

Haskellhasindeedevolvedcontinuouslysinceits originalpublication.By
themiddleof 1997,therehadbeenfour iterationsof the languagedesign
(thelatestat thatpoint beingHaskell1.4). At the1997HaskellWorkshop
in Amsterdam,it wasdecidedthata stablevariantof Haskellwasneeded;
this stablelanguageis the subjectof this Report,and is called“Haskell
98”.

Haskell 98 was conceived as a relatively minor tidy-up of Haskell 1.4,
makingsomesimplifications,andremoving somepitfalls for theunwary.
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It is intendedto bea“stable” languagein sensetheimplementorsarecom-
mitted to supportingHaskell98 exactly as specified,for the foreseeable
future.

The original HaskellReportcoveredonly the language,togetherwith a
standardlibrary calledthePrelude.By thetimeHaskell98wasstabilised,
it hadbecomeclearthatmany programsneedaccessto a largersetof li-
brary functions(notably concerninginput/output and simple interaction
with theoperatingsystem).If theseprogramwereto beportable,a setof
librarieswould have to be standardisedtoo. A separateeffort wasthere-
fore begunby a distinct(but overlapping)committeeto fix theHaskell98
Libraries.

Why UseHaskell?

Clearlyyou’re interestedin Haskellsinceyou’re readingthis tutorial. Therearemany
motivationsfor usingHaskell. My personalreasonfor usingHaskell is that I have
found that I write morebug-freecodein lesstime usingHaskell thanany other lan-
guage.I alsofind it very readableandextensible.

Perhapsmostimportantly, however, I have consistentlyfoundtheHaskellcommu-
nity to be incredibly helpful. The languageis constantlyevolving (that’s not to say
it’ s instable;ratherthat therearenumerousextensionsthathave beenaddedto some
compilerswhich I find very useful)andusersuggestionsareoftenheededwhennew
extensionsareto beimplemented.

Why Not UseHaskell?

My two biggestcomplaints,andthecomplaintsof mostHaskellersI know, are:(1) the
generatedcodetendsto beslower thanequivalentprogramswritten in a languagelike
C; and(2) it tendsto bedifficult to debug.

Thesecondproblemtendsnot beto a very big issue:mostof thecodeI’ ve written
is not buggy, asmostof thecommonsourcesof bugsin otherlanguagessimply don’t
exist in Haskell. Thefirst issuecertainlyhascomeup a few timesin my experience;
however, CPU time is almostalwayscheaperthanprogrammertime andif I have to
wait a little longer for my resultsafter having saved a few daysprogrammingand
debugging.

Of course,this isn’t the caseof all applications.Somepeoplemay find that the
speedhit takenfor usingHaskellis unbearable.However, Haskellhasa standardized
foreign-functioninterfacewhich allow you to link in codewritten in otherlanguages,
for when you needto get the most speedout of your code. If you don’t find this
sufficient, I would suggesttaking a look at the languageO’Caml, which often out-
performsevenC++,yetalsohasmany of thebenefitsof Haskell.
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TargetAudience

Therehave beenmany booksandtutorialswritten aboutHaskell;for a (nearly)com-
pletelist, visit thehttp://haskell.org/bookshelf (HaskellBookshelf)atthe
Haskellhomepage.A brief survey of thetutorialsavailableyields:� A GentleIntroductionto Haskell is an introductionto Haskell, given that the

readeris familiar with functionalprogrammingenlarge.� HaskellCompanionis a shortreferenceof commonconceptsanddefinitions.� OnlineHaskellCourseis ashortcourse(in German)for beginningwith Haskell.� Two DozenShortLessonsin Haskell is the draft of an excellent textbook that
emphasizesuserinvolvement.� Haskell Tutorial is basedon a coursegiven at the 3rd InternationalSummer
Schoolon AdvancedFunctionalProgramming.� Haskellfor MirandaProgrammersassumesknowledgeof thelanguageMiranda.� PLEAC-Haskellis a tutorial in thestyleof thePerlCookbook.

Thoughall of thesetutorials is excellent, they areon their own incomplete:The
“GentleIntroduction”is far too advancedfor beginningHaskellersandtheotherstend
to endtooearly, or notcovereverything.Haskellis full of pitfalls for new programmers
and experiencednon-functionalprogrammersalike, as can be witnessedby reading
throughthearchivesof theHaskellmailing list.

It becameclearthatthereis a strongneedfor a tutorialwhich is introductoryin the
sensethat it doesnot assumeknowledgeof functionalprogramming,but which is ad-
vancedin thesensethatit doesassumesomebackgroundin programming.Moreover,
noneof the known tutorials introduceinput/outputand iteractivity soonenough(not
even until the 248thpage,asin the caseof the Hudakbook). This tutorial is not for
beginning programmers;someexperienceandknowledgeof programmingandcom-
putersis assumed(thoughtheappendixdoescontainsomebackgroundinformation).

TheHaskelllanguageunderwenta standardizationprocessandtheresultis called
Haskell98. The majority of this book will cover the Haskell98 standard.Any de-
viations from the standardwill be noted(for instance,many compilersoffer certain
extensionsto thestandardwhich areuseful;someof thesemaybediscussed).

Thegoalsof this tutorialare:� to bepractical above all else� to providea comprehensive, freeintroductionto theHaskelllanguage� to point outcommonpitfalls andtheir solutions� to providea goodsenseof how Haskellcanbeusedin therealworld
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Chapter 1

Intr oduction

This tutorial containsa whole hostof examplecode,all of which shouldhave been
includedin its distribution. If not, pleaserefer to thelinks off of theHaskellwebsite
(haskell.org ) to get it. This book is formattedto makeexamplecodestandout
from therestof thetext.

Code will look like this.

Occasionally, we will refer to interactionbetwenyou and the operatingsystem
and/ortheinteractiveshell(moreon this in Section2).

Interaction will look like this.

Strewn throughoutthe tutorial, we will oftenmakeadditionalnotesto something
written. Theseareoften for makingcomparisonsto otherprogramminglanguagesor
addinghelpful information.

NOTE Noteswill appearlike this.

If we’re coveringa difficult or confusingtopic andthereis somethingyou should
watchout for, we will placea warning.

WARNING Warningswill appearlike this.

Finally, wewill sometimesmakereferenceto built-in functions(so-calledPrelude-
functions).Thiswill look somethinglike this:	�
��������
���������������
! "�#�$� �% 

Within thebodytext, Haskellkeywordswill appearlike this: where, identifiersas
map, typesas &('�)+*-,/. andclassesas 021 .
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Chapter 2

Getting Started

Therearethreewell known Haskellsystem:Hugs,GHCandNHC.Hugsis exclusively
an interpreter, meaningthatyou cannotcompilestand-aloneprogramswith it, but can
testanddebugprogramsin aninteractiveenvironment.GHCis bothaninterpreter(like
Hugs)anda compilerwhich will producestand-aloneprograms.NHC is exclusively a
compiler. Which you useis entirelyup to you. I’ ve tried to makea list of someof the
differencesin thefollowing list but of coursethis is far from exhaustive:

Hugs - very fast; implementsalmostall of Haskell98 (thestandard)andmostexten-
sions;built-in supportfor modulebrowsing;cannotcreatestand-alones;written
in C; workson almostevery platform;build in graphicslibrary.

GHC - interactive environmentis slower thanHugs,but allows function definitions
in the environment(in Hugsyou have to put themin a file); implementsall of
Haskell98 andextensions;goodsupportfor interfacingwith otherlanguages;in
a sensethe“de facto” standard.

NHC - lessusedandnointeractiveenvironment,but producessmallerandoftenfaster
executablesthandoesGHC; supportsHaskell98andsomeextensions.

I, personally, have all of theminstalledandusethemfor differentpurposes.I tend
to useGHC to compile (primarily becauseI’m most familiar with it) and the Hugs
interactive environment,sinceit is muchfaster. As such,this is whatI would suggest.
However, thatis a fair amountto downloadaninstall,soif youhadto gowith justone,
I’ d getGHC,sinceit containsbothacompilerandinteractiveenvironment.

Following is a descritionof how to downloadandinstall eachof this asof thetime
this tutorial waswritten. It may have changed– seehttp://haskell.org (the
Haskellwebsite)for up-to-dateinformation.

2.1 Hugs

Hugssupportsalmostall of the Haskell98 standard(it lackssomeof the libraries),
aswell asa numberof advanced/experimentalextensions,including: multi-parameter

5



6 CHAPTER2. GETTINGSTARTED

typeclasses,extensiblerecords,rank-2polymorphism,existentials,scopedtypevari-
ables,andrestrictedtypesynonyms.

2.1.1 Where to get it

Theofficial Hugswebpageis at:
http://haskell.org/hugs (http://haskell.org/hugs)
If you go there,thereis a link titled “downloading” which will sendyou to the

downloadpage.Fromthatpage,youcandownloadtheappropriateversionof Hugsfor
your computer.

2.1.2 Installation procedures

Onceyou’ve downloadedHugs,installationdiffersdependingon your platform,how-
ever, installationfor Hugsis moreof lessidenticalto installationfor any programon
your platform.

For Windows whenyouclick onthe“msi” file todownload,simplychoose“Run This
Program”andthe installationwill begin automatically. From there,just follow
theon-screeninstructions.

For RPMs usewhatever RPMinstallationprogramyou know best.

For source first gunzip the file, thenuntar it. Presumablyif you’re usinga system
which isn’t otherwisesupported,youknow enoughaboutyoursystemto beable
to run configurescriptsandmakethingsby hand.

2.1.3 How to run it

On Unix machines,theHugsinterpreteris usuallystartedwith a commandline of the
form: hugs[option — file] ...

OnWindows, Hugsmaybestartedby selectingit from thestartmenuor by double
clicking on a file with the .hsor .lhs extension. (This manualassumesthatHugshas
alreadybeensuccessfullyinstalledon yoursystem.)

Hugsusesoptionsto setsystemparameters.Theseoptionsaredistinguishedby a
leading+ or - andareusedto customizethebehaviour of theinterpreter. WhenHugs
starts,theinterpreterperformsthefollowing tasks:� Optionsin the environmentare processed.The variableHUGSFLAGS holds

theseoptions.On Windows 95/NT, theregistry is alsoqueriedfor Hugsoption
settings.� Commandline optionsareprocessed.� Internaldatastructuresareinitialized. In particular, theheapis initialized, and
its sizeis fixed at this point; if you want to run the interpreterwith a heapsize
otherthanthedefault,thenthismustbespecifiedusingoptionsonthecommand
line, in theenvironmentor in theregistry.



2.2. GLASGOW HASKELL COMPILER 7� The preludefile is loaded. The interpreterwill look for the preludefile on the
path specifiedby the -P option. If the prelude,locatedin the file Prelude.hs,
cannotbe found in oneof the pathdirectoriesor in the currentdirectory, then
Hugswill terminate;Hugswill not run without thepreludefile.� Programfiles specifiedon the commandline areloaded. The effect of a com-
mandhugsf1 ... fn is thesameasstartingup Hugswith thehugscommandand
thentyping :load f1 ... fn. In particular, the interpreterwill not terminateif a
problemoccurswhile it is trying to load oneof the specifiedfiles, but it will
aborttheattemptedloadcommand.

Theenvironmentvariablesandcommandline optionsusedby Hugsaredescribed
in thefollowing sections.

2.1.4 Program options

To list all of theoptionswould taketoomuchspace.Themostimportantoptionat this
point is “+98” or “-98”. Whenyou starthugswith “+98” it is in Haskell98 mode,
which turnsoff all extensions.Whenyou startin “-98”, you arein Hugsmodeandall
extensionsareturnedon. If you’vedownloadedsomeoneelsescodeandyou’rehaving
troubleloadingit, first makesureyou have the“98” flag setproperly.

FurtherinformationontheHugsoptionsis in themanual:
http://cvs.haskell.org/Hugs/pages /hugsman/st arted.html ().

2.1.5 How to gethelp

To getHugsspecifichelp,goto theHugswebpage.To getgeneralHaskellhelp,goto
theHaskellwebpage.

2.2 Glasgow Haskell Compiler

TheGlasgow HaskellCompiler(GHC) is arobust,fully-featured,optimisingcompiler
and interactive environmentfor Haskell 98; GHC compilesHaskell to either native
codeor C. It implementsnumerousexperimentallanguageextensionsto Haskell98;
for example:concurrency, a foreign languageinterface,multi-parametertypeclasses,
scopedtype variables,existentialanduniversalquantification,unboxedtypes,excep-
tions,weakpointers,andsoon. GHCcomeswith agenerationalgarbagecollector, and
a spaceandtimeprofiler.

2.2.1 Where to get it

Goto theofficial GHCwebpagehttp://haskell.org/ghc (GHC) to download
thelatestrelease.Thecurrentversionasof thewriting of this tutorial is 5.04.2andcan
be downloadedoff of the GHC downloadpage(follow the “Download” link). From
thatpage,you candownloadtheappropriateversionof GHCfor yourcomputer.
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2.2.2 Installation procedures

Onceyou’ve downloadedGHC, installationdiffersdependingon your platform;how-
ever, installationfor GHC is moreof lessidenticalto installationfor any programon
your platform.

For Windows whenyouclick onthe“msi” file todownload,simplychoose“Run This
Program”andthe installationwill begin automatically. From there,just follow
theon-screeninstructions.

For RPMs usewhatever RPMinstallationprogramyou know best.

For source first gunzip the file, thenuntar it. Presumablyif you’re usinga system
which isn’t otherwisesupported,youknow enoughaboutyoursystemto beable
to run configurescriptsandmakethingsby hand.

For amoredetaileddescriptionof theinstallationprocedure,look at theGHCusers
manualunder“Installing GHC”.

2.2.3 How to run the compiler

Runningthecompileris fairly easy. Assumingthatyou have a programwritten with a
main functionin a file calledMain.hs , youcancompileit simplyby writing:

% ghc --make Main.hs -o main

The“–make”optiontellsGHCthatthis is a programandnot justa library andyou
want to build it andall modulesit dependson. “Main.hs” stipulatesthe nameof the
file to compile;andthe“-o main” meansthatyouwantto put theoutputin afile called
“main”.

NOTE In Windows, you shouldsay“-o main.exe” to tell Windows
thatthis is anexecutablefile.

You canthenrun theprogramby simply typing “main” at theprompt.

2.2.4 How to run the interpr eter

GHCi is invokedwith thecommand“ghci” or “ghc –interactive”. Oneor moremodules
or filenamescanalsobespecifiedonthecommandline; this instructsGHCi to loadthe
specifiedmodulesor filenames(andall themodulesthey dependon), justasif youhad
said:loadmodulesat theGHCi prompt.
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2.2.5 Program options

To list all of the optionswould taketoo muchspace.The most importantoption at
this point is “-fglasgow-exts”. Whenyou startGHCi without “-fglasgow-exts” it is
in Haskell98 mode,which turnsoff all extensions.Whenyou startwith “-fglasgow-
exts”, all extensionsare turnedon. If you’ve downloadedsomeoneelsescodeand
you’rehaving troubleloadingit, first makesureyouhave thisflag setproperly.

Furtherinformationon the GHC andGHCi optionsare in the manualoff of the
GHCwebpage.

2.2.6 How to gethelp

To getGHC(i) specifichelp,go to theGHCwebpage.To getgeneralHaskellhelp,go
to theHaskellwebpage.

2.3 NHC

AboutNHC 33/3
2.3.1 Where to get it

2.3.2 Installation procedures

2.3.3 How to run it

2.3.4 Program options

2.3.5 How to gethelp

2.4 Editors

With goodtext editor, programmingis fun. Of course,youcangetalongwith simplistic
editorcapableof justcut-n-paste,butgoodeditoris capableof doingmostof thechores
for you, lettingyouconcentrateon whatyouarewriting. With respectto programming
in Haskell,goodtext editorshouldhave asmuchaspossibleof thefollowing features:� Syntaxhighlightingfor sourcefiles� Indentationof sourcefiles� Interactionwith Haskellinterpreter(beit Hugsor GHCi)� Computer-aidedcodenavigation� Codecompletion
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At the time of writing, several optionswere available: Emacs/XEmacssupport
Haskellviahaskell-modeandaccompanying Elist code(availablefrom http://www.haskell.org/haskell-
mode ()), and 33/3 .

What’selseavailable?3/3/3
(X)Emacsseemto do thebestjob, having all thefeatureslistedabove. Indentation

is awareaboutHaskell’s 2-dimensionallayoutrules(seeSection7.11,very smartand
have to be seenin action to be believed. You canquickly jump to the definition of
chosenfunctionwith thehelpof ”Definitions” menu,andnameof thecurrentlyedited
functionis alwaysdisplayedin themodeline.



Chapter 3

LanguageBasics

In thischapterwepresentthebasicconceptsof Haskell.In additionto familiarizingyou
with the interactive environmentsandshowing you how to compilea basicprogram,
we introducethebasicsyntaxof Haskell,which will probablybequitealienif you are
usedto languageslike C andJava.

However, beforewetalk aboutspecificsof thelanguage,weneedto establishsome
generalpropertiesof Haskell. Most importantly, Haskell is a lazy language,which lazy
meansthatno computationtakesplaceuntil theresultof thatcomputationis used.

This means,for instance,thatyou candefiniteinfinitely largedatastructures,pro-
vided that you never usethe entire structure. For instance,using imperative-esque
psuedo-code,we couldcreatean infinite list containingthenumber 4 in eachposition
by doingsomethinglike:

List makeList()
{

List current = new List();
current.value = 1;
current.next = makeList();
return current;

}

By lookingat this code,we canseewhatit’ s trying to do: it createsa new list, sets
its valueto 4 andthenrecursively calls itself to maketherestof thelist. Of course,if
youactuallywrotethiscodeandcalledit, theprogramwouldnever terminate,because
makeList wouldkeepcalling itself adinfinitum.

This is becausewe assumethis imperative-esquelanguageis strict, theoppositeof strict
lazy. Strict languagesareoftenreferredto as“call by value”while lazy languagesare
referredto as“call by name.” In theabove psuedo-code,whenwe “run” makeList
on thefifth line, we attemptto geta valueout of it. This leadsto aninfinite loop.

Theequivalentcodein Haskellis:

makeList = 1 : makeList

11



12 CHAPTER3. LANGUAGE BASICS

Thisprogramreads:we’redefiningsomethingcalledmakeList (this is whatgoes
on theleft-handsideof theequalssign).On theright-handside,we give thedefinition
of makeList . In Haskell(we’ll talk moreaboutthissoon),thecolonoperatoris used
to createlists. This right-handsidesaysthatthevalueof makeList is theelement1
stuckon to thebeginningof thevalueof makeList .

However, sinceHaskellis lazy (or “call by name”),we do not actuallyattemptto
evaluatewhatmakeList is atthispoint: wesimplyrememberthatif ever in thefuture
we needthesecondelementof makeList , we needto just look at makeList .

Now, if you attemptto write makeList to a file, or print it to the screen,or
calculatethesumof its elements,theoperationwon’t terminatebecauseit wouldhave
to evaluateaninfinitely longlist. However, if yousimplyuseafinite portionof thelist,
saythe first 4/5 elements,the fact that the list is infinitely long doesn’t matter. If you
only usethe first 45 elements,only the first 4/5 elementsareever calculated.This is
what it meansthatHaskellis lazy.

Second,Haskell is casesensitive. Many languagesare,but Haskellactuallyusescase sensitive
caseto give meaning. Haskell distinguishesbetweenvalues(things like numbersvalues
( 476%8�6%9�63/33 ), strings(“abc”, “hello”, 3/33 ), characters(’a’, ’b’, ’ ’, 3/33 ), even func-
tions (for instance,the function which squaresa value,or the square-rootfunction))
andtypes(thecategoriesto which valuesbelong).types

By itself, this is not unusual.Most languageshave somesystemof types.What is
unusualis thatHaskellrequiresthatthenamesgivento functionsandvaluesbegin with
a lower-caseletter andthat the namesgiven to typesbegin with an upper-caseletter.
The moral is: if your otherwisecorrectprogramwon’t compile,be sureyou haven’t
namedyour functionFoo , or somethingelsebeginningwith a capitalletter.

Being a functional language,Haskell eschews side effects. A side effect is es-side effects
sentiallysomethingwhich happensin thecourseof executinga functionwhich is not
relatedto theoutputproducedby thatfunction.

For instance,in alanguagelike C or Java,youareableto modify “global” variables
from within a function. This is a sideeffect becausethe modificationof this global
variableis not relatedto theoutputproducedby thefunction.Furthermore,modifying
thestateof therealworld is consideredasideeffect: printing somethingto thescreen,
readinga file, etc.,areall sideeffectingoperations.

Functionswhichdonothavesideeffectsarecalledpure. An easytestfor whetherapure
functionis pureor not is to askyourselfa simplequestion:giventhesamearguments,
will this functionalwaysproducethesameresult.

All of this meansthat if you’re usedto writing codein an imperative language
(like C or Java), you’regoingto have to startthinking differently. Most importantly, if
you have a valuex , you mustnot think aboutx asa registeror a memorylocationor
anything like that. x is simply a name,just as“Hal” is a name.You cannotarbitrarily
decideto storeadifferentpersonin my nameany morethanyoucanarbitrarilydecide
to storeadifferentvaluein x . Thismeansthatcodewhichmightlook like thefollowing
C codeis invalid in Haskell(notonly is it invalid, but it hasno counterpart):

int x = 5;
x = x + 1;
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A call like x = x + 1 is calleddestructiveupdatebecausewe are destroying destructive update
whatever wasin x beforeandreplacingit with a new value. Destructive updatedoes
not exist in Haskell.

By not allowing destructive updates(or any othersuchsideeffectingoperations),
Haskellcodeis veryeasyto reasonabout.Thatis,whenwedefineafunctionf andcall
that functionwith a particularargumenta in thebeginning of a programandthen,at
theendof theprogram,againcall f with thesameargumenta, weknow wewill getthe
sameresultout. This is becausewe know thata cannothave changedandbecausewe
know thatf only dependsona (for instance,it didn’t incrementaglobalcounter).This
propertyis calledreferential transparencyandbasicallystatesthat if two functionsf referential transparency
andg producethesamevaluesfor thesamearguments,thenwe mayreplacef with g
(andvice-versa).

NOTE Theexactdefinitionof referentialtransparency is notgenerally
agreedupon. Theonegivenabove is theoneI like best.They all carry
thesameinterpretation;thedifferenceslie in how they areformalized.

3.1 Arithmetic

Let’s begin our foray into Haskellwith simplearithmetic.Startup your favorite inter-
active shell(Hugsor GHCi; seeChapter2 for installationinstructions).Theshellwill
outputto thescreenafew linestalkingaboutitself andwhatit’ sdoingandthenshould
finish with thecursoron a line reading:

Prelude>

Fromhere,youcanbegin to evaluateexpressions. An expressionis basicallysome- expressions
thing which hasa value. For instance,thenumber : is an expression(its valueis : ).
Valuescanbebuilt upfrom othervalues;for instance,:<;>= is anexpression(its valueis4?4 ). In fact,mostsimplearithmeticoperationsaresupportedby Haskell,includingplus
(+), minus(-), times(* ), divided-by(/), exponentiation(ˆ) andsquare-root(sqrt). You
canexperimentwith theseby askingthe interactive shell to evaluateexpressionsand
give you their value. In this way, a Haskellshellcanbeusedasa powerful calculator.
Try someof thefollowing:

Prelude> 5*4+3
23
Prelude> 5ˆ5-2
3123
Prelude> sqrt 2
1.4142135623730951
Prelude> 5*(4+3)
35
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We canseethat in additionto the standardarithmeticoperations,Haskellalsoal-
lows groupingby parentheses,hencethedifferencebetweenthevaluesof 5*4+3 and
5*(4+3). Thereasonfor this is thatthe“understood”groupingof thefirst expressionis
(5*4)+3, dueto operator precedence.operator precedence

Notealsothatparenthesesaren’t requiredaroundfunctionarguments.For instance,
we simply wrote sqrt 2, not sqrt(2) as would be requiredin most other lan-
guages.You couldwrite it with theparentheses,but in Haskellsincefunctionapplica-
tion is socommon,parenthesesaren’t required.

WARNING Even thoughparenthesesarenot alwaysneeded,some-
times it is better to leave them in anyway; afterall, other peoplewill
probablyhave to readyourcodeandif extra parenthesesmaketheintent
of thecodeclearer, usethem.

Now try entering2ˆ5000. Doesit work?

NOTE If you’re familiar with programmingin otherlanguages,you
may find it odd that sqrt 2 comesbackwith a decimalpoint (i.e., is a
floatingpointnumber)eventhoughtheargumentto thefunctionseemsto
beaninteger. This interchangabilityof numerictypesis dueto Haskell’s
systemof typeclassesandwill be discussedin gruelingdetail in Sec-
tion 4.3).

Exercises
Exercise1 We’ve seenthat multiplication bindsmore tightly than division. Can you
think of a way to determinewhetherfunctionapplicationbindsmore or lesstightly
thanmultiplication?

3.2 Pairs, Triples and Mor e

In additionto singlevalues,we might want to talk aboutmultiple valuesat thesame
time. For instance,we may want to refer to a positionby its @ / A coordinate,which
would bea pair of integers.To makea pair of integersis simple: you enclosethepair
in parenthesisandseparatethemwith acomma.Try thefollowing:

Prelude> (5,3)
(5,3)

Here,we have a pair of integers, : and 9 . Pairs areallowedto beheterogeneous,heterogeneous
meaningthatyou canstore,for instance,anintegerin thefirst positionanda string in
thesecond.
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Therearetwo predefinedfunctionswhich allow you to extract thefirst andsecond
elementsof a pair. They are,respectively, fst andsnd . You canseehow they work
asfollows:

Prelude> fst (5, "hello")
5
Prelude> snd (5, "hello")
"hello"

In additionto pairs,you candefinetriples,quadruplesandsoon. To definea triple
andaquadruplerespectively, we write:

Prelude> (1,2,3)
(1,2,3)
Prelude> (1,2,3,4)
(1,2,3,4)

And soon. In general,pairs,triples,andsoon arecalledtuplesandcanstorefixed tuples
amountsof heterogeneousdata.

NOTE Thefunctionsfst andsndwon’t work onanything longerthan
a pair; if you try to usethemon a larger tuple, you will get a message
complainingthat therewasa type error. What this meanswill be ex-
plainedin Chapter4.

Exercises
Exercise2 Usea combinationof fst andsnd to extract thecharacterout of thetuple
((1,’a’),"foo") .

3.3 Lists

Theprimarylimitation of tuplesis thatthey holdonly afixednumberof elements:pairs
hold two, triples hold three,andso on. A datastructurewhich canhold an arbitrary
numberof elementsis a list. Lists areassembledin a very similar fashionto tuples,
exceptthey usesquarebracketsinsteadof parentheses.We candefinea list like:

Prelude> [1,2]
[1,2]
Prelude> [1,2,3]
[1,2,3]
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Listsdon’t needto have any elements.Theemptylist is simply [] .
Unlike tuples,we canvery easilyaddan elementon to the beginning of the list

usingthecolonoperator. Thecolonis calledthe“cons” operator;theprocessof added cons operator
anelementis called“consing.” Theetymologyof this is thatwe’re sayingthatwe are
constructing a new list from anelementandanold list. We canseetheconsoperator
in actionin thefollowing examples:

Prelude> 0:[1,2]
[0,1,2]
Prelude> 5:[1,2,3,4]
[5,1,2,3,4]

Wecanactuallybuild any list simplyby usingtheconsoperator(thecolon)andthe
emptylist:

Prelude> 5:1:2:3:4:[]
[5,1,2,3,4]

In fact, the [5,1,2,3,4] syntaxis simply syntacticsugarfor the expression
using the explicit consoperatorsand empty list. If we write somethingusing the
[5,1,2,3,4] notation,thecompilersimply translatesit to theother.

Onefurther differencebetweenlists andtuplesis that while tuplesareheteroge-
neous,lists mustbe homogenous.That meansthat you cannothave a list that holdshomogenous
bothintegersandstrings.If you try to, you will geta typeerror.

Of course,lists don’t have to just containintegersor strings;they canalsocontain
tuplesor evenotherlists. Tuples,similarly, cancontainlistsandothertuples.Try some
of thefollowing:

Prelude> [(1,1),(2,4),(3,9),(4,16)]
[(1,1),(2,4),(3,9),(4,16)]
Prelude> ([1,2,3,4],[5,6,7])
([1,2,3,4],[5,6,7])

Therearetwo basiclist functions: head and tail . The head function returns
thefirst elementoff of a(non-empty)list andthetail functionreturnsall but thefirst
elementoff of a (non-empty)list, respectively.

To getthelengthof a list, youusethe length function:

Prelude> length [1,2,3,4,10]
5
Prelude> head [1,2,3,4,10]
1
Prelude> length (tail [1,2,3,4,10])
4
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3.3.1 Strings

In Haskell,a &B'�)+*-,/. is simplya list of CEDGF!) s. Sowe cancreatethestring“Hello” as:

Prelude> ’H’:’e’:’l’:’l’:’o’:[]
"Hello"

Lists (and,of course,strings)canbeconcattenatedusingthe++ operator:

Prelude> "Hello " ++ "World"
"Hello World"

Additionally,non-stringvaluescanbeconvertedto stringsusingtheshow function
andstringscanbeconvertedto non-stringvaluesusingthe read function. Of course,
if you try to readavaluethat’smalformed,you’ll getanerror:

Prelude> "Five squared is " ++ show (5*5)
"Five squared is 25"
Prelude> read "5" + 3
8
Prelude> read "Hello" + 3
Program error: Prelude.read: no parse

Theexacterrormessageis implementationdependent.However, theinterpreterhas
inferredthatyou’retrying to addthreeto something.Thismeansthatwhenweexecute
read "Hello" we shouldgeta numberout. However, "Hello" cannotbeparsed
asa number, soanerroris reported.

3.3.2 SimpleList Functions

Much of the computationin Haskellprogramsis doneby processinglists. Thereare
threeprimarylist-processingfunctions:map, filter andfoldr (alsofoldl ).

Themap functiontakesasargumentsa list of valuesanda functionwhich should
be appliedto eachof the values. For instance,thereis a built-in function toUpper
which takesasinput a CHDIFI) andproducesa CEDIFI) that is theupper-caseversionof the
original argument.So, to covert an entirestring(which is simply a list of characters)
to uppercase,we canmapthetoUpper functionacrosstheentirelist:

Prelude> map toUpper "Hello World"
"HELLO WORLD"

Whenyoumapacrossa list, thelengthof thelist never changes– only theindivid-
ual valuesin thelist change.

To remove elementsfrom thelist, youcanusethefilter function.This function
allows you to remove certainelementsfrom a list dependingon their value,but not
their context. For instance,thefunction isLower tells you whethera givencharacter
is lowercase.We canfilter out all non-lowercasecharactersusingthis:
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Prelude> filter isLower "Hello World"
"elloorld"

Thefunction foldr takesa little moregettingusedto. foldr takesthreeargu-
ments:a function,an initial value,anda list. Thebestway to think aboutfoldr is
that it replacesoccurancesof the list consoperator: with thefunctionparameterand
replacestheemptylist constructor[] with theinitial value.Thus,if we have a list:

3 : 8 : 12 : 5 : []

And weapply foldr (+) 0 to it, we get:

3 + 8 + 12 + 5 + 0

Whichsumsthelist. Wecantestthis:

Prelude> foldr (+) 0 [3,8,12,5]
28

We cando thesamesortof thing to calculatetheproductof all theelementson a
list:

Prelude> foldr (*) 1 [4,8,5]
160

We saidearlierthat folding is like replacing: with a particularfunctionand []
with an initial element.This raisesa questionasto whathappenswhenthe function
isn’t associative (a function J is associative if 
 J �K� JIL �NMO��
 J ��� JL ). Whenwe writeP JRQSJ(:SJ<4 , we needto specifywhereto put the parentheses.Namely, do we mean�T� P J%Q � J%: � J/4 or

P J � QNJ �U� :NJ/4 �U� ? foldr assumesthefunctionis right-associative(i.e.,
thecorrectbracketingis thelatter). Thus,whenwe useit on a non-associtive function
(like minus),wecanseetheeffect:

Prelude> foldr (-) 1 [4,8,5]
0

Theexactderivationof this lookssomethinglike:

foldr (-) 1 [4,8,5]
==> 4 - (foldr (-) 1 [8,5])
==> 4 - (8 - foldr (-) 1 [5])
==> 4 - (8 - (5 - foldr (-) 1 []))
==> 4 - (8 - (5 - 1))
==> 4 - (8 - 4)
==> 4 - 4
==> 0
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The foldl function goesthe other way and effectively producesthe opposite
bracketing. foldl looks the samewhenapplied,so we could have donesumming
just aswell with foldl :

Prelude> foldl (+) 0 [3,8,12,5]
28

However, we getdifferentresultswhenusingthenon-associative functionminus:

Prelude> foldl (-) 1 [4,8,5]
-16

This is becausefoldl usestheoppositebracketing.Thewayit accomplishesthis
is essentiallyby goingall thewaydown thelist, takingthelastelementandcombining
it with the initial valuevia theprovidedfunction. It thentakesthesecond-to-lastele-
mentin thelist andcombinesit to this new value.It doessountil thereis no morelist
left.

Thederivationhereproceedsin theoppositefashion:

foldl (-) 1 [4,8,5]
==> foldl (-) (1 - 4) [8,5]
==> foldl (-) ((1 - 4) - 8) [5]
==> foldl (-) (((1 - 4) - 8) - 5) []
==> ((1 - 4) - 8) - 5
==> ((-3) - 8) - 5
==> (-11) - 5
==> -16

Notethatoncethe foldl goesaway, theparenthesizationis exactly theopposite
of thefoldr .

NOTE foldl is oftenmoreefficient thanfoldr for reasonswewill
discussin Section7.8. However, foldr canwork on infinite listswhile
foldl cannot.Thisis becausebeforefoldl doesanything,it hasto go
to theendof thelist. On theotherhand,foldr startsproducingoutput
immediately. For instance,foldr (:) [] [1,2,3,4,5] simply
returnsthe samelist. Even if the list were infinite, it would produce
output. A similar function using foldl would fail to produnceany
output.

If this discussionof thefolding functionsdoesn’t entirelymakesense,that’sokay.
We’ll talk aboutthemfurtherin Section7.8.

Exercises



20 CHAPTER3. LANGUAGE BASICS

Exercise3 Usemapto converta string into a list of booleans,each elementin thenew
list representingwhethertheoriginal elementwasa lower-casecharacteror not. That
is, it shouldtakethestring “aBCde” andreturn[True,False,False,True,True].

Exercise4 Usethefunctionsmentionedin this section(youwill needtwo of them)to
computethe numberof lower-caseletters in a string. For instance,on “aBCde” it
shouldreturn3.

Exercise5 We’ve seenhow to calculatesumsand productsusing folding functions.
Given that the functionmax returnsthe maximumof two numbers,write a function
usinga fold which will returnthemaximumvaluein a list (andzero if thelist is empty).
So,whenappliedto [5,10,2,8,1]it will return10. Assumethat thevaluesin thelist are
always V#5 .
Explainto yourselfwhyit works.

Exercise6 Write a functionwhich takesa list of pairs of length at least 2 and re-
turns the first componentof the secondelementin the list. So,whenprovidedwith
[(5,’b’),(1,’c’),(6,’a’)], it will return1.

3.4 SourceCodeFiles

As programmers,we don’t wantto simplyevaluatesmalllittle expressionslike these–
we wantto sit down, write codein our editorof choice,save it, andthenuseit.

We alreadysaw in Sections2.2 and2.3 how to write a Hello World programand
compile it. Here,we show how to do usefunctionsdefinedin a source-codefile in
the interactive environment. To do this, createa file calledTest.hs andenterthe
following code:

module Test
where

x = 5
y = (6, "Hello")
z = x * fst y

This is a very simple “program” written in Haskell. It definesa modulecalled
“Test” (in generalmodulenamesshouldmatchfile names;seeSection6 for moreon
this). In this module,therearethreedefinitions:x, y andz. Onceyou’ve written and
saved this file, in the directory in which you saved it, load this up in your favorite
interpreter, by executingeitherof thefollowing:

% hugs Test.hs
% ghci Test.hs
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This will startHugsor GHCi, respectively, andloadthefile. Alternatively, if you
alreadyhave oneof themloaded,you canusethe “:load” command(or just “:l”) to
loada module,as:

Prelude> :l Test.hs
...
Test>

Betweenthe first and last line, variousdatawill be printed telling you what the
interpreteris doing.If any errorscropup,youprobablymistypedsomethingin thefile;
doublecheckandthentry again.

You’ll noticethatwhereit usedto say“Prelude” it now says“Test”. That means
that Test is the currentmodule. Which means,you’re probablythinking, “Prelude”
mustalsobea module.Exactlycorrect.ThePreludemodule(usuallysimply referred
to as“the Prelude”)is alwaysloadedandcontainsthestandarddefinitions(for instance, the Prelude
the: operatorfor lists,or + or * , fst , snd andsoon).

Now thatwe’ve loadedTest,wecanusethingswhichweredefinedin it. For exam-
ple:

Test> x
5
Test> y
(6,"Hello")
Test> z
30

Perfect,justaswe expected!
Onefinal issueregardshow to compileprogramsto stand-aloneexecutables.In

order for a programto be an executable,it musthave the modulename“Main” and
mustcontaina function called“main”. So, if you go in to Test.hsandrenameit to
“Main” (changethe line that readsmodule Test to module Main ), we simply
needto adda mainfunction.Try this:

main = putStrLn "Hello World"

Now, save the file andwe cancompileit (refer backto Section2 for information
on how to do this for yourcompiler. For example,in GHC,you wouldsay:

% ghc --make Test.hs -o test

NOTE For Windows,it wouldbe“-o test.exe”

This will createa file calle“test” (or on Windows, “test.exe”) which you canthen
run.
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% ./test
Hello World

NOTE Or, on Windows:

C:\> test.exe
Hello World

3.5 Functions

Now thatwe’veseenhow to write codein afile, wecanstartwriting functions.As you
might have expected,functionsarecentralto Haskell,asit is a functional language.
This meansthattheevaluationof a programis simply theevaluationof a function.

We canwrite a simplefunctionto squarea numberandenterit into our Test.hs
file. Wemight definethisasfollows:

square x = x * x

In thisfunctiondefinition,wesaythatwe’redefiningafunctionsquare whotakes
oneargument(akaparameter)which wecall x . Wethensaythatthevalueof square
x is equalto x * x .

Haskell also supportsstandardconditionalexpressions. For instance,we could
defineafunctionthatreturns� 4 if its argumentis lessthan 5 , 5 if its argumentis 5 and4 if its argumentis greaterthan 5 (this is calledthesignumfunction):

signum x =
if x < 0

then -1
else if x > 0

then 1
else 0

Theif/then/elseconstructin Haskellis very similar to thatof mostotherprogram-
ming languages,however you musthave botha then and anelseclause.It evaluatesif/then/else
thecondition(in this case@XWY5 and,if this evaluatesto True , it evaluatesthe then
condition;if theconditionevaluatedto False , it evaluatestheelsecondition.

Youcantestthisprogramby editingthefile andloadingit backinto yourinterpreter.
If Test is alreadythecurrentmodule,insteadof typing :l Test.hs again,youcan
simply type:reload or just :r to reloadthecurrentfile. This is usuallymuchfaster.

Haskell, like many other languages,alsosupportscaseconstructions.Thesearecase/of
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usedwhentherearemultiple valuesyou want to checkagainst(caseexpressionsare
actuallyquitea bit morepowerful thanthis – seeSection7.4for all thegory details).

Supposewe wantedto definea functionthathada valueof 4 if its argumentwere5 , a valueof : if its argumentwere 4 , a valueof 8 if its argumentwere 8 andavalueof� 4 in all otherinstances.Writing this functionusingif statementswould belong and
very unreadable;sowe write it usingacasestatementasfollows(wecall this function
f ):

f x =
case x of

0 -> 1
1 -> 5
2 -> 2
_ -> -1

In this program,we’re definingf to takeanargumentx andtheninspectthevalue
of x . If it matches5 , the valueof f is 4 . If it matches4 , the valueof f is : . If it
maches8 , thenthevalueof f is 8 andif it hasn’t matchedanything (theunderscorecan
bethoughtof asa “wildcard” – it will matchanything) by thatpoint, thevalueof f is� 4 .

Theindentationhereis important.Haskellusesa systemcalled“layout” to struc-
ture its code(the programminglanguagePythonusesa similar system). The layout
systemallows you to write codewithout theexplicit semicolonsandbracesthatother
languageslike C andJava require.

WARNING Becausewhitespacemattersin Haskell,you needto be
carefulaboutwhetheryou areusingtabsor spaces.If you canconfigure
your editor to never usetabs,that’s probablybetter. If not, makesure
yourtabsarealways8 spaceslong,or you’relikely to run in to problems.

The generalrule for layout is that an open-braceis insertedafter the keywords
where, let, do andof, andthe columnpositionat which the next commandappears
is remembered.From then on, every new line which is indentedthe sameamount
automaticallygetsa semicolon. If a following line is indentedless,a close-braceis
inserted.This maysoundcomplicated,but if you follow thegeneralrule of indenting
aftereachof thosekeywords,you’ll never have to rememberit (seeSection7.11for a
morecompletediscussionof layout).

Somepeopleprefernotto uselayoutandwrite thebracesandsemicolonsexplicitly .
This is perfectlyacceptable.In thisstyle,theabove functionmight look like:

f x = case x of
{ 0 -> 1 ; 1 -> 5 ; 2 -> 2 ; _ -> 1 }

Of course,if youwrite thebracesandsemicolonsexplicitly , you’refreeto structure
thecodeasyou wish. Thefollowing is alsoequallyvalid:
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f x =
case x of { 0 -> 1 ;

1 -> 5 ; 2 -> 2
; _ -> 1 }

Thoughstructuringyour codelike this only servesto makeit unreadable(in this
case).

Functionscanalsobedefinedpiece-wise,meaningthatyou canwrite oneversion
of your functionfor certainparametersandthenanotherversionfor otherparameters.
For instance,theabove function f couldalsobewrittenas:

f 0 = 1
f 1 = 5
f 2 = 2
f _ = -1

Here,theorderis important.If wehadput thelastline first, it wouldhave matched
every argumentandf would return-1 regardlessof its argument(mostcompilerswill
warnyou aboutthis, though,sayingsomethingaboutoverlappingpatterns).If we had
not includedthis last line, f would producean error if anything otherthan0, 1 or 2
were appliedto it (most compilerswill warn you aboutthis, too, sayingsomething
aboutincompletepatterns).Thisstyleof piece-wisedefinitionis verypopularandwill
beusedquitefrequentlythroughoutthis tutorial. Thesetwodefinitionsof f areactually
equivalent– thispiece-wiseversionis translatedinto thecaseexpression.

More complicatedfunctionscanbebuilt up from simplerfunctionsusingfunction
composition. Functioncompositionis simplytakingtheresultof theapplicationof one
functionandusingthatasan argumentto another. We’ve alreadyseenthis way back
whenweweredoingarithmetic(Section3.1),whenwewrote5*4+3 . In this,wewere
evaluating :[Z P andthenapplying ;\9 to theresult.We cando thesamethingwith our
square andf functions:

Test> square (f 1)
25
Test> square (f 2)
4
Test> f (square 1)
5
Test> f (square 2)
-1

The result of eachof thesefunction applicationsis fairly straightforward. The
parenthesesaroundtheinnerfunctionarenecessary;otherwisein thefirst line, thein-
terpreterwouldthink you’retrying togetthevalueof “squaref” whichhasnomeaning.
Functionapplicationlike this is fairly standardin mostprogramminglanguages.There
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is another, moremathematicallyoriented,way to expressfunctioncomposition,using
the . (just a singleperiod)function. This . function is supposedto look like the ]
operatorin mathematics.

NOTE In mathematicswe write ^_]a` to mean“f following g”, in
Haskellwe write f . g alsoto mean“f following g.”
The meaningof ^b]a` is simply that � ^_]\` ��� @ �_M ^ � ` � @ �U� . That is,
applyingthevalue @ to thefunction ^S]c` is thesameasapplyingit to ` ,
takingtheresult,andthenapplyingthatto ^ .

The. function(calledthefunctioncompositionfunction),takestwo functionsand function composition
makesthem in to one. For instance,if we write (square . f) , this meansto
createa new function which takesan argument,appliesf to that argumentandthen
appliessquare to the result. Conversely, (f . square) meansto createa new
functionwhich takesanargument,appliessquare to thatargumentandthenapplies
f to theresult.We canseethisby testingit asbefore:

Test> (square . f) 1
25
Test> (square . f) 2
4
Test> (f . square) 1
5
Test> (f . square) 2
-1

Here,we mustenclosethefunctioncompositionin parentheses;otherwise,it will
think we’re trying in the first line to composesquare will the value f 1, which
makesno sensesincef 1 isn’t evena function.

It would probablybewiseto takea little time-outto look at someof thefunctions
which aredefinedin the Prelude. Undoubtedlyat somepoint you will accidentally
rewrite somealready-existing function(I’ ve doneit moretimesthanI cancount),but
if we cankeepthis to a minimum,thatwouldsave a lot of time. Herearesomesimple
functions,someof whichwe’ve alreadyseen:

sqrt thesquareroot function
id theidentity function: id x = x
fst extractsthefirst elementfrom a pair
snd extractsthesecondelementfrom a pair
null tellsyou whetheror not a list is empty
head returnsthefirst elementon a non-emptylist
tail returnseverythingbut thefirst elementof a non-emptylist
++ concatenatestwo lists
== checksto seeif two thingsareequal
/= checksto seeif two thingsareunequal

Here,we show exampleusagesof eachof thesefunctions:
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Prelude> sqrt 2
1.41421
Prelude> id "hello"
"hello"
Prelude> id 5
5
Prelude> fst (5,2)
5
Prelude> snd (5,2)
2
Prelude> null []
True
Prelude> null [1,2,3,4]
False
Prelude> head [1,2,3,4]
1
Prelude> tail [1,2,3,4]
[2,3,4]
Prelude> [1,2,3] ++ [4,5,6]
[1,2,3,4,5,6]
Prelude> [1,2,3] == [1,2,3]
True
Prelude> ’a’ /= ’b’
True
Prelude> head []

Program error: {head []}

We can seethat applying head to an empty list givesan error (the exact error
messagedependson whetheryou’reusingGHCi or Hugs– theshown errormessageis
from Hugs).

3.5.1 Let Bindings

Often we wish to provide local declarationsfor usein our functions. For instance,if
you rememberbackto your gradeschoolmathematicscourses,thereis the following
equationusedto find theroots(zeros)of a polynomialof theform 
 @<dc; � @e;�L M 5 :@ Mf�"�2�hgji � d � P 
 L �Uk 8 
 . Wecouldwrite thefollowing functionto computethetwo
valuesof @ :

roots a b c =
((-b + sqrt(b*b - 4*a*c)) / (2*a),

(-b - sqrt(b*b - 4*a*c)) / (2*a))
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To remedythis problem,Haskellallows for local bindings.That is, we cancreate
valuesinsideof a functionwhich only that function cansee. For instance,we could
createa localbindingfor sqrt(b*b-4*a*c) andcall it, say, det andthenusethat
in bothplaceswheresqrt(b*b - 4*a*c) occurred.We cando this usinga let/in
declaration:

roots a b c =
let det = sqrt (b*b - 4*a*c)
in ((-b + det) / (2*a),

(-b - det) / (2*a))

In fact, you canprovide multiple declarationsinsidea let. Justmakesurethey’re
indentedthesameamount,or youwill have layoutproblems:

roots a b c =
let det = sqrt (b*b - 4*a*c)

twice_a = 2*a
in ((-b + det) / twice_a,

(-b - det) / twice_a)

3.5.2 Infix

Infix functionsareoneswhich arecomposedof symbols,ratherthanletters. For in-
stance,(+) , (*) , (++) areall infix functions.You canusethemin non-infix mode
by enclosingthemin parentheses.Hencethetwo following expressionsarethesame:

Prelude> 5 + 10
15
Prelude> (+) 5 10
15

Similarly, non-infix functions(like map) canbe madeinfix by enclosingthemin
backquotes(theticks on thetilde key onAmericankeyboards):

Prelude> map toUpper "Hello World"
"HELLO WORLD"
Prelude> toUpper ‘map‘ "Hello World"
"HELLO WORLD"

3.6 Comments

Thereare two typesof commentsin Haskell: line commentsand block comments.
Line commentsbegin with the token -- andextenduntil the endof the line. Block
commentsbegin with l - andextendto a corresponding- m . Block commentscanbe
nested.
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NOTE The-- in Haskellcorrespondsto // in C++ or Java, and l -
and- m correspondto /* and*/ .

Commentsareusedto explain in Englishwhatis goingon in yourprogramandare
completelyignoredby compilersandinterpreters.For example:

module Test2
where

main =
putStrLn "Hello World" -- write a string

-- to the screen

{- f is a function which takes an integer and
produces integer. {- this is an embedded
comment -} the original comment extends to the
matching end-comment token: -}
f x =

case x of
0 -> 1 -- 0 maps to 1
1 -> 5 -- 1 maps to 5
2 -> 2 -- 2 maps to 2
_ -> -1 -- everything else maps to -1

Thisexampleprogramsshowstheuseof bothline commentsand(embedded)block
comments.

3.7 Recursion

In imperative languageslike C andJava, themostbasiccontrolstructureis a loop (like
afor loop). However, for loopsdon’t makemuchsensein Haskellbecausethey require
destructive update(the index variableis constantlybeingupdated).Instead,Haskell
usesrecursion.

A functionis recursiveif it callsitself (seeAppendixB for more).Recursive func-
tionsexist alsoin C andJava, but areusedlessthanthey arein functionallanguages.
Theprototypicalrecursivefunctionis thefactorialfunction.In animperativelanguage,
you mightwrite thisassomethinglike:

int factorial(int n) {
int fact = 1;
for (int i=2; i <= n; i++)

fact = fact * i;
return fact;

}
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While thiscodefragmentwill successfullycomputefactorialsfor positiveintegers,
it somehow ignoresthebasicdefinitionof factorial,usuallygivenas:nEo?Mqp 4 n�M 4n Z �Kn>� 4 ��o otherwise

This definition itself is exactly a recursive definition: namelythe valueof nEo de-
pendson thevalueof �Kn�� 4 �ro . If you think of o asa function,thenit is calling itself.
We cantranslatethisdefinitionalmostverbatiminto Haskellcode:

factorial 1 = 1
factorial n = n * factorial (n-1)

This is likely thesimplestrecursive functionyou’ll ever see,but it is correct.

NOTE Of course,animperativerecursive versioncouldbewritten:

int factorial(int n) {
if (n == 1)

return 1;
else

return n * factorial(n-1);
}

but this is likely to bemuchslower thantheloopversionin C.

Recursioncan be a difficult thing to master. It is completelyanalogousto the
conceptof induction in mathematics(seeChapterB for a more formal treatmentof
this). However, usuallya problemcanbe thoughtof having oneor morebase-cases
andoneor morerecursive-cases.In thecaseof factorial , thereis onebasecase
(when nbM 4 ) andonerecursive case(when ns� 4 ). For designingyour own recusive
algorithmsit is oftenusefulto try to differentiatethesetwo cases.

Turningnow to thetaskof exponentiation,supposewehave two positiveintegers

and � andwe wantto calculate
7t . Thisproblemhasa singlebase-case:namelywhen� is 4 . Therecursive caseis when �N� 4 . Wecanwrite a generalform as:
 t M p 
 �uM 4
 Z 
7t�vxw otherwise

Again, this translatesdirectly into Haskellcode:

exponent a 1 = a
exponent a b = a * exponent a (b-1)

Justaswe candefinerecursive functionson integers,so canwe definerecursive
functionson lists. In this case,usually the basecaseis the empty list [] and the
recursive caseis a conslist (i.e.,a valueconsedon to anotherlist).
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Considerthetaskof calculatingthelengthof a list. We canagainbreakthis down
into two cases:eitherwe have anemptylist or we have a non-emptylist. Clearly the
lengthof anemptylist is zero. Furthermore,if we have a conslist, thenthelengthof
this list is just thelengthof its tail plusone. Thus,we candefinea lengthfunctionas
(whenever we provide alternative definitionsfor standardHaskellfunctions,we prefix
themwith my sothecompilerdoesn’t getconfused):

my_length [] = 0
my_length (x:xs) = 1 + my_length xs

Similarly, wecanconsiderthefilter function.Again,thebasecaseis theempty
list andtherecursive caseis a conslist. However, this time, we’re choosingwhether
to keepanelementdependingon whetheror not a particularpredicateholds. We can
definethefilter functionas:

my_filter p [] = []
my_filter p (x:xs) =

if p x
then x : my_filter p xs
else my_filter p xs

In this code,whenpresentedwith an empty list, we simply returnan emptylist.
This is becausefilter cannotaddelements:it canonly remove them.

Whenpresentedwith alist of theform (x:xs) , weneedto decidewhetherto keep
the valuex or not. To do this, we usean if statementandthepredicatep. If p x is
true,thenwereturna list whichbeginswith x followedby theresultof filtering thetail
of thelist. If p x is false,thenweexcludex andreturntheresultof filtering thetail of
thelist.

We canalsodefinemap andboth fold functionsusingexplicit recursion.Seethe
exercisesfor thedefinitionof mapandChapter7 for thefolds.

Exercises
Exercise7 Thefibonaccisequenceis definedby:y{z MYp 4 n_M 4 or n_M 8yxz v d ; y{z vxw otherwise

Write a recursivefunction fib which takesa positiveinteger n as a parameterand
calculates

y{z
.

Exercise8 Definea recursivefunctionmult which takestwo positiveintegersa and
b andreturnsa*b , but onlyusesaddition(i.e., no fair justusingmultiplication).Begin
bymakinga mathematicaldefinitionin thestyleof thepreviousexerciseandtherestof
this section.

Exercise9 Definea recursivefunctionmy mapwhich behavesidenticallyto thestan-
dard functionmap.
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3.8 Interacti vity

If youarefamiliarwith booksonother(imperative)languages,youmightbewondering
by now why you haven’t seenmany of the standardprogramswritten in tutorialsof
otherlanguages,like onewhich asksauserfor hisnameandthensays“Hi” to theuser
by name. The reasonfor this is simple: Being a pure functional language,it is not
entirelyclearhow oneshouldhandlethingslike userinput.

After all, supposeyou have a functionwhich readsa stringfrom thekeyboard. If
you call this functiontwice andtheusertypessomethingthefirst time andsomething
elsethe secondtime, thenyou no longerhave a function, sinceit would return two
differentvalues. The solution to this was found in the depthsof category theory, a
branchof formal mathematics:monads. We’re not yet readyto talk aboutmonads monads
formally, but for now, think of themsimply asa convenientway to expressthingslike
input/output. We’ll discussthem in this context much more in Chapter5 and then
aboutmonadsfor monads’sakein Chapter9. For now, let’s justseehow youcanwrite
interactive programs.For this section,completelyforgetthatyou ever heardtheword
“monad.”

Supposewe want to write a function that’s interactive. The way to do this is to
use the do keyword. This allows us to specify the order of operations(remember do notation
thannormally in Haskell,sinceit’ sa lazy language,theorderin which operationsare
evaluatedis unspecified).So,to write asimpleprogramwhichasksauserfor hisname
andthenaddresshim directly, enterthefollowingcodeinto “Name.hs”:

module Main
where

import IO

main = do
hSetBuffering stdin LineBuffering
putStrLn "Please enter your name: "
name <- getLine
putStrLn ("Hello, " ++ name ++ ", how are you?")

Youcantheneitherloadthiscodein your interpreterandexecute“main” by simply
typing “main” or you cancompileit andrun it from thecommandline. I’ll show the
resultsof theinteractiveapproach:

Main> main
Please enter your name:
Hal
Hello, Hal, how are you?
Main>

And there’s interactivity. Let’s go backandlook at the codea little, though. We
namethemodule“Main” sowe cancompileit. We nametheprimaryfunction“main”
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sothatthecompileknows thatthis is thefunctionto run whentheprogramis run. On
the fourth line, we import the IO library so that we get accessto IO functions. On
the seventhline, we startwith do, telling Haskell thatwe’re executinga sequenceof
commands.

Thefirst commandis hSetBuffering stdin LineBuffering which you
shouldprobablyignorefor now (incidentally, this is only requiredby GHC – in Hugs
you cangetby without it). Thenecessityfor this is becausewhenGHCreadsinput, it
expectsto readit in ratherlargeblocks.A typical person’snameis nowherenearlarge
enoughto fill this block. Thus,whenwe try to readfrom stdin , it waits until it’ s
gottenawholeblock. Wewantto getrid of this,sowetell it to useLineBuffering
insteadof block buffering.

The next commandis putStrLn , which prints a string to the screen. On the
ninth line, wesay“name <- getLine ”. Thiswouldnormallybewritten“name =
getLine ” but usingthearrow insteadof theequalitysignshows thatgetLine isn’t
a real functionandcanreturndifferentvalues.This commandmeans“run theaction
getLine andstoretheresultsin name.”

Thelastline constructsastringusingwhatwereadin onthepreviousline andthen
printsit to thescreen.

Another exampleof a function which isn’t really a function would be one that
returnsarandomvalue.In thiscontext, a functionthatdoesthis is calledrandomRIO .
Usingthis,we canwrite a “guessthenumber”program.Enterthefollowing codeinto
“Guess.hs”:

module Main
where

import IO
import Random

main = do
hSetBuffering stdin LineBuffering
num <- randomRIO (1::Int, 100)
putStrLn "I’m thinking of a number between 1 and 100"
doGuessing num

doGuessing num = do
putStrLn "Enter your guess:"
guess <- getLine
if (read guess) < num

then do putStrLn "Too low!"
doGuessing num

else if read guess > num
then do putStrLn "Too high!"

doGuessing num
else do putStrLn "You Win!"
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Let’s examinethis code. On the fifth line we write “import Random”to tell the
compiler thatwe’re going to be usingsomerandomfunctions(thesearen’t built into
thePrelude).In thefirst line of main , we geta randomnumberin therange � 4?6/45?5 � .
Weneedto write ::Int to tell thecompilerthatwe’reusingintegershere,notfloating
point numbersor othernumbers.We’ll talk moreaboutthis in Section4. On thenext
line, we tell the userwhat’s going on andthenon the last line of main we tell the
compilerto executethecommanddoGuessing .

ThedoGuessing functiontakesasanargumentthenumbertheuseris trying to
guess.First, it askstheuserto guessandthenacceptstheir guess(which is a &('�)+*-,/. )
from thekeyboard.The if statementchecksfirst to seeif their guessis too low. How-
ever, sinceguess is a stringandnum is an integer, we first needto convert guess
to an integer by read ing it. If they guessedto low, we inform themandthenstart
doGuessing overagain.If they didn’t guesstoolow, wecheckto seeif they guessed
too high. If they did, we tell themandstartdoGuessing again. Otherwise,they
didn’t guesstoolow andthey didn’t guesstoohigh,sothey musthavegottenit correct,
we we tell themthat they won andexit. The fact that we exit is implicit in the fact
that thereareno commandsfollowing this. We don’t needan explicit return ()
statement.

You caneithercompilethiscodeor loadit into your interpreterandwill getsome-
thing like:

Main> main
I’m thinking of a number between 1 and 100
Enter your guess:
50
Too low!
Enter your guess:
75
Too low!
Enter your guess:
85
Too high!
Enter your guess:
80
Too high!
Enter your guess:
78
Too low!
Enter your guess:
79
You Win!

Therecursive actionwe just saw doesn’t actuallyreturna valuethatwe look at. In
thecasewhenit does,the “obvious” way to write thecommandis actuallyincorrect.
Here,we will give theincorrectversion,explain why it is wrong,thengive thecorrect
version.
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Let’ssaywe’re writing a simpleprogramwhich repeatedlyaskstheuserto typein
a few words.If at any point they entertheemptyword(i.e., they justhit enterwithout
typing anything), the programprints out everythingthey’ve typedup until that point
andthenexits. Theprimaryfunction(actually, anaction)in this programis onewhich
asksthemfor aword,checksto seeif it’ sempty, andtheneithercontinuesor ends.The
incorrect formulationof thismight look somethinglike:

askForWords = do
putStrLn "Please enter a word:"
word <- getLine
if word == ""

then return []
else return (word : askForWords)

Beforereadingahead,seeif you canfigureoutwhatis wrongwith theabove code.
Theerroris onthelastline, specificallywith thetermword : askForWords .

Remeberthatwhenusing: , wearemakinga list outof anelement(in thiscaseword )
andanotherlist (in thiscase,askForWords ). However, askForWords is nota list.
It is an action,which, whenrun, will producea list. That meansthat beforewe can
attachanything to the front, we needto run theactionandget the result. In this case,
we wantto dosomethinglike:

askForWords = do
putStrLn "Please enter a word:"
word <- getLine
if word == ""

then return []
else do

rest <- askForWords
return (word : rest)

Here,we first run askForWords andget the result andstoreit in the variable
rest . Then, we returnthelist createdfrom word andrest .

By now you shouldhave a goodunderstandingof how to write simplefunctions,
compilethem,testthingsin theinteractiveenvironment,andmanipulatelists.

Exercises
Exercise10 Writea programwhich will repeatedlyasktheuserfor numbersuntil they
typein zero, at which point it will tell themthesumof all thenumbers,theproductof
all thenumbers,and,for each number, its factorial. For instance,a sessionmightlook
like:

Give me a number (or 0 to stop):
5
Give me a number (or 0 to stop):



3.8. INTERACTIVITY 35

8
Give me a number (or 0 to stop):
2
Give me a number (or 0 to stop):
0
The sum is 15
The product is 80
5 factorial is 120
8 factorial is 40320
2 factorial is 2

Hint: write an IO actionwhich readsa numberand,if it’ s zero, returnstheemptylist.
If it’ snotzero, it recursesitself andthenmakesa list outof thenumberit just readand
theresultof therecursivecall.
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Chapter 4

Type Basics

Haskell usesa systemof static typechecking. This meansthat every expressionin
Haskell is assigneda type. For instance’a’ would have type CEDIFI) , for “character.”
Then,if you have a functionwhich expectsanargumentof a certaintypeandyou give
it thewrongtype,a compile-timeerrorwill begenerated(that is, you will not beable
to compilethe program).This vastly reducesthe numberof bugsthat cancreepinto
your program.

Furthermore,Haskellusesa systemof typeinference. This meansthat you don’t
even needto specifythe typeof expressions.For comparison,in C, whenyou define
a variable,you needto specifyits type (for instance,int, char, etc.). In Haskell,you
needn’t do this – thetypewill beinferredfrom context.

NOTE If you want,you certainlyareallowedto explicitely specify
thetypeof anexpression;this oftenhelpsdebugging.In fact, it is some-
timesconsideredgoodstyle to explicitly specifythe typesof outermost
functions.

BothHugsandGHCi allow youto applytypeinferenceto anexpressionto find its
type. This is doneby usingthe :t command.For instance,startup your favorite shell
andtry thefollowing:

Prelude> :t ’c’
’c’ :: Char

This tells us that the expression’c’ hastype CEDGF!) (the doublecolon :: is used
throughoutHaskellto specifytypes).

4.1 SimpleTypes

Therearea slew of built-in types,including |-,' (for integers,both positive andneg-
ative), }E~��?�7� � (for floating point numbers),CEDIFI) (for singlecharacters),&B'�)+*-,/. (for

37
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strings),andothers.We have alreadyseenanexpressionof type CEDGF!) ; let’s examime
oneof type &('�)�*-,. :
Prelude> :t "Hello"
"Hello" :: String

You canalsoentermorecomplicatedexpressions,for instance,a testof equality:

Prelude> :t ’a’ == ’b’
’a’ == ’b’ :: Bool

Youshouldnotethaneventhoughthisexpressionis false,it still hasatype,namely
thetype �h~(~�� .

NOTE �h~(~�� is shortfor Boolean(usuallypronounced“boo-lee-uhn”,
thoughI’ veheard“boo-leen”onceor twice)andhastwo possiblevalues:
True andFalse .

You canobserve the processof typecheckingandtype inferenceby trying to get
the shell to give you the type of an ill-typed expression. For instance,the equality
operatorrequiresthat the typeof both of its argumentsareof thesametype. We can
seethat CEDGF!) and &B'�)+*-,/. areof differenttypesby trying to comparea characterto a
string:

Prelude> :t ’a’ == "a"
ERROR- Type error in application
*** Expression : ’a’ == "a"
*** Term : ’a’
*** Type : Char
*** Does not match : [Char]

Thefirst line of theerror(theline containing“Expression”)tells ustheexpression
in which thetypeerroroccured.Thesecondline tells uswhich partof this expression
is ill-typed. The third line tells us the inferred type of this term andthe fourth line
tells uswhat it needsto have matched.In this case,it saysthattypetype CEDGF!) doesn’t
matchthetype � CEDIFI)  (a list a characters– a stringin Haskellis representedasa list of
characters).

As mentionedbefore,you canexplicitely specifythe typeof an expressionusing
the :: operator. For instance,insteadof ”a” in the previous example,we could have
written (”a”::String). In this case,this hasno effect sincethere’s only onepossible
interpretationof ”a”. However, considerthecaseof numbers.You cantry:

Prelude> :t 5 :: Int
5 :: Int
Prelude> :t 5 :: Double
5 :: Double
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Here,wecanseethatthenumber5 canbeinstantiatedaseitheran |-,' oura }E~��7�?� � .
What if we don’t specifythetype?

Prelude> :t 5
5 :: Num a => a

Not quite what you expected?What this means,briefly, is that if sometype a is
an instanceof the ���E� class,then type type of the expression5 canbe of type a.
If that madeno sense,that’s okay for now. In Section4.3 we talk extensively about
typeclasses(which is whatthis is). Theway to readthis, though,is to say“a beingan
instanceof Numimpliesa.”

Exercises
Exercise11 Figure out for yourself,andthenverify thetypesof thefollowing expres-
sions,if they havea type. Alsonoteif theexpressionis a typeerror:

1. ’h’:’e’:’l’:’l’:’o’:[]

2. [5,’a’]

3. (5,’a’)

4. (5::Int) + 10

5. (5::Int) + (10::Double)

4.2 Polymorphic Types

Haskellemploysa polymorhpictypesystem.Thisessentiallymeansthatyou canhave
typevariables, whichwe have alludedto before.For instance,notethata functionlike
tail doesn’t carewhattheelementsin thelist are:

Prelude> tail [5,6,7,8,9]
[6,7,8,9]
Prelude> tail "hello"
"ello"
Prelude> tail ["the","man","is","happy"]
["man","is","happy"]

This is possiblebecausetail hasa polymorphictype: ���� ������� . Thatmeansit
cantakeasanargumentany list andreturnavaluewhich is a list of thesametype.

Thesameanalysiscanexplain thetypeof fst :

Prelude> :t fst
forall a b . (a,b) -> a
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Here,GHCi hasmadeexplicit theuniversalquantificationof thetypevalues.That
is, it is sayingthatfor all types F and � , fst is a functionfrom � F(6r� � to F .

Exercises
Exercise12 Figure out for yourself,andthenverify thetypesof thefollowing expres-
sions,if they havea type. Alsonoteif theexpressionis a typeerror:

1. snd

2. head

3. null

4. head . tail

5. head . head

4.3 TypeClasses

We saw lastsectionsomestrangetypinghaving to dowith thenumberfive. Beforewe
delve too deeplyinto thesubjectof typeclasses,let’s takea stepbackandseesomeof
themotivation.

4.3.1 Motivation

In many languages(C++, Java, etc.), thereexists a systemof overloading. That is,
a function canbe written that takesparametersof differing types. For instance,the
cannonicalexampleis theequalityfunction. If we want to comparetwo integers,we
shoulduseanintegercomparison;if we wantto comparetwo floatingpoint numbers,
we shouldusea floating point comparison;if we want to comparetwo characters,
we shouldusea charactercomparison.In general,if we want to comparetwo things
which have type � , we wantto usean � -compare.We call � a typevariablesinceit is
a variablewhosevalueis a type.

NOTE In general,typevariableswill bewrittenusingthefirst partof
theGreekalphabet:� 6U��6T�x6U�I63/3/3 .

Unfortunately, thispresentssomeproblemsfor statictypechecking,sincethetype
checkerdoesn’t know which typesa certainoperation(for instance,equalitytesting)
will bedefinedfor. Thereareasmany solutionsto this problemastherearestatically
typedlanguages(perhapsa slight exageration,but not so muchso). The onechosen
in Haskellis thesystemof typeclasses.Whetherthis is the “correct” solutionor the
“best” solutionof coursedependson your applicationdomain. It is, however, theone
we have,soyou shouldlearnto love it.
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4.3.2 Equality Testing

Returningto the issueof equality testing,what we want to be ableto do is definea
function== (theequalityoperator)which takestwo parameters,eachof thesametype
(call it � ), andreturnsa boolean.But this functionmaynot bedefinedfor every type;
just for some. Thus,we associatethis function == with a type class,which we call
Eq. If a specifictype � belongsto a certaintypeclass(that is, all functionsassociated
with thatclassareimplementedfor � ), we saythat � is an instanceof thatclass.For
instance,Int is aninstanceof Eq sinceequalityis definedover integers.

4.3.3 The Num Class

In additionto overloadingoperatorslike ==, Haskellhasoverloadednumericconstants
(i.e., 1, 2, 3, etc.). This was doneso that when you type in a numberlike 5, the
compileris freeto say5 is an integeror floatingpoint numberasit seesfit. It defines
the Num classto containall of thesenumbersandcertainminimal operationsover
them(addition,for instance).Thebasicnumerictypes(Int, Double)aredefinedto be
instancesof Num.

We have only skimmedthesurfaceof thepower (andcomplexity) of typeclasses
here. Therewill be muchmorediscussionof themin Section8.4,but we needsome
morebackgroundbeforewe canget there. Beforewe do that,we needto talk a little
moreaboutfunctions.

4.3.4 The ShowClass

Anotherof thestandardclassesin Haskellis the �h�E��� class.Typeswhich aremem-
bersof the �h�E��� classhave functionswhich convert valuesof that type to a string.
This functionis calledshow. For instanceshow appliedto theinteger5 is thestring
“5”; show appliedto thecharacter’a’ is the three-characterstring“’a”’ (thefirst and
lastcharactersareapostrophes).show appliedto astringsimplyputsquotesaroundit.
You cantestthis in theinterpreter:

Prelude> show 5
"5"
Prelude> show ’a’
"’a’"
Prelude> show "Hello World"
"\"Hello World\""

NOTE Thereasonthebackslashesappearin the last line is because
theinteriorquotesare“escaped”,meaningthatthey arepartof thestring,
not part of the interpreterprinting the value. The actualstring doesn’t
containthebackslashes.

Sometypesarenoteinstancesof Show; functionsfor example.If you try to show a
function(like sqrt ), thecompileror interpreterwill giveyousomecrypticerrormes-
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sage,complainingabouta missinginstancedeclarationor an illegal classconstraint.

4.4 Function Types

In Haskell,functionsarefirst classvalues, meaningthat just as1 or ’c’ arevalues
whichhaveatype,soarefunctionslike square or ++. Beforewetalk toomuchabout
functions,we needto makea shortdiversioninto very theoreticalcomputerscience
(don’t worry, it won’t betoo painful) andtalk aboutthelambdacalculus.

4.4.1 Lambda Calculus

Thename“LambdaCalculus”,while perhapsdaunting,describesa fairly simplesys-
temfor representingfunctions.Thewaywewouldwrite asquaringfunctionin lambda
calculusis: �<@{3�@>ZN@ , which meansthatwe takea value,which we will call @ (that’s
what “ �<@{3 means)and then multiply it by itself. The � is called “lambda abstrac-
tion.” In general,lambdascanonly have oneparameter. If we wantto write a function
that takestwo numbers,doublesthe first andaddsit to the second,we would write:�<@��<A�3�8aZ�@e;�A . Whenweapplyavalueto a lambdaexpression,we remove theouter-
most � andreplaceeveryoccuranceof thelambdavariablewith thevalue.For instance,
if we evaluate � �<@{3�@>Z2@ � : , we remove the lambdaandreplaceevery occurenceof @
with : , yielding � :aZ�: � which is 8?: .

In fact,Haskellis largely basedon anextensionof thelambdacalculus,andthese
two expressionscan be written directly in Haskell (we simply replacethe � with a
backslashandthe 3 with an arrow; alsowe don’t needto repeatthe lambdas;and,of
course,in Haskellwe have to give themnamesif we’redefiningfunctions):

square = \x -> x*x
f = \x y -> 2*x + y

You canalsoevaluatelambdaexpressionsin your interactiveshell:

Prelude> (\x -> x*x) 5
25
Prelude> (\x y -> 2*x + y) 5 4
14

We canseein thesecondexamplethatwe needto give thelambdaabstractiontwo
arguments,onecorrespondingto x andtheothercorrespondingto y .

4.4.2 Higher-Order Types

“Higher-OrderTypes”is thenamegivento functions.Thetypegivento functionsmim-
icks thelambdacalculusrepresentationof thefunctions.For instance,thedefinitionof
squaregives �<@{3�@eZ�@ . To getthetypeof this,we first askourselveswhatthetypeof x
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is. Saywe decidex is an |-,' . Then,we noticethat thefunctionsquare takesan |�,/'
andproducesa valuex*x . We know thatwhenwe multiply two |-,' s together, we get
another|-,/' , sothetypeof theresultsof square is alsoan |-,/' . Thus,we saythetype
of square is |-,' � |-,/' .

Wecanapplyasimilar analysisto thefunctionf above. Thevalueof this function
(remember, functionsare values)is somethingwhich takesa valuex andgiven that
value,producesanew value,whichtakesavaluey andproduces2*x+y . For instance,
if we takef andapplyonly onenumberto it, we get � ��@<��A�3�87@�;�A � : which becomes
our new value �<A�3�8 � : � ;�A , whereall occurancesof @ have beenreplacedwith the
appliedvalue, : .

Sowe know that f takesan |-,' andproducesa valueof sometype,of which we’re
not sure. But we know the type of this value is the type of ��A�3�8 � : � ;YA . We ap-
ply the above analysisandfind out that this expressionhastype |-,' � |-,' . Thus, f
takesan |-,' andproducessomethingwhich hastype |-,' � |-,' . So the type of f is|-,' ��� |�,/' � |-,' � .

NOTE The parenthesesarenot necessary;in function types,if you
have ��� � � � it is assumethat � � � is grouped.If you want the
otherway, with �q� � grouped,you needto put parenthesesaround
them.

This isn’t entirelyaccurate.As we saw before,numberslike 5 aren’t really of type|-,' , they areof type �c�?�#F\ ¡F .
Wecaneasilyfind thetypeof Preludefunctionsusing“:t” asbefore:

Prelude> :t head
head :: [a] -> a
Prelude> :t tail
tail :: [a] -> [a]
Prelude> :t null
null :: [a] -> Bool
Prelude> :t fst
fst :: (a,b) -> a
Prelude> :t snd
snd :: (a,b) -> b

We readthis as: “head” is a functionthattakesa list containingvaluesof type“a”
andgivesbacka valueof type“a”; “tail” takesa list of “a”s andgivesbackanotherlist
of “a”s; “null” takesa list of “a”s andgivesbacka boolean;“fst” takesa pair of type
“(a,b)” andgivesbacksomethingof type“a”, andsoon.

NOTE Sayingthatthetypeof fst is � F(6r� ��� F doesnotnecessarily
meanthat it simply givesback the first element;it only meansthat it
givesbacksomethingwith thesametypeasthefirst element.
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Wecanalsogetthetypeof operatorslike + and* and++ and: ; however, in order
to do this we needto put themin parentheses.In general,any functionwhich is used
infix (meaningin themiddleof two argumentsratherthanbeforethem)mustbeput in
parentheseswhengettingits type.

Prelude> :t (+)
(+) :: Num a => a -> a -> a
Prelude> :t (*)
(*) :: Num a => a -> a -> a
Prelude> :t (++)
(++) :: [a] -> [a] -> [a]
Prelude> :t (:)
(:) :: a -> [a] -> [a]

Thetypesof + and* arethesame,andmeanthat+ is a functionwhich, for some
type F which is an instanceof ���H� , takesa valueof type F andproducesanother
functionwhich takesa valueof type F andproducesa valueof type F . In shorthand,
we might saythat+ takestwo valuesof type F andproducesa valueof type F , but this
is lessprecise.

Thetypeof ++ means,in shorthand,that,for a giventype F , ++ takestwo lists ofF s andproducesa new list of F s. Similarly, : takesa valueof type F andanothervalue
of type � F  (list of F s)andproducesanothervalueof type � F  .
4.4.3 That Pesky IO Type

You mightbetemptedto try gettingthetypeof a functionlike putStrLn :

Prelude> :t putStrLn
putStrLn :: String -> IO ()
Prelude> :t readFile
readFile :: FilePath -> IO String

What in the world is that | ¢ thing? It’ s basicallyHaskell’s way of representing
that thesefunctionsaren’t really functions. They’re called “IO Actions” (hencethe| ¢ ). The immediatequestionwhich arisesis: okay, so how do I get rid of the | ¢ .
In brief, you can’t directly remove it. That is, you cannotwrite a functionwith type| ¢�&('�)�*-,. � &B'�)+*-,/. . Theonly way to usethingswith an |�¢ type is to combinethem
with otherfunctionsusing(for example),thedo notation.

For example,if you’rereadingafile usingreadFile , presumablyyouwantto do
somethingwith thestringit returns(otherwise,why wouldyou readthefile in thefirst
place).Supposeyou have a function f which takesa &('�)�*-,. andproducesan |-,/' . You
can’t directlyapply f to theresultof readFile sincetheinput to f is &('�)�*-,. andthe
outputof readFile is |�¢a&('�)+*-,/. andthesedon’t match.However, you cancombine
theseas:
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main = do
s <- readFile "somefile"
let i = f s
putStrLn (show i)

Here,we usethearrow conventionto “get thestringoutof theIO action” andthen
apply f to thestring(calleds ). We then,for example,print i to thescreen.Notethat
the let heredoesn’t have a correspondingin. This is becausewe are in a do block.
Also notethatwe don’t write i <- f s becausef is just a normalfunction,not an
IO action.

4.4.4 Explicit Type Declarations

It is sometimesdesirableto explicitly specifythetypesof someelementsor functions,
for one(or more)of thefollowing reasons:� Clarity� Speed� Debugging

Somepeopleconsiderit goodsoftwareengineeringto specifythetypesof all top-
level functions.If nothingelse,if you’re trying to compilea programandyou gettype
errorsthatyou cannotunderstand,if you declarethe typesof someof your functions
explicitly , it maybeeasierto figureoutwheretheerroris.

Typedeclarationsarewritten separatlyfrom the functiondefinition. For instance,
we couldexplicitly type the functionsquare asin the following code(anexplicitly
declaredtypeis calleda typesignature):

square :: Num a => a -> a
square x = x*x

Thesetwo linesdonotevenhaveto benext toeachother. However, thetypethatyou
specifymustmatchthe inferredtypeof the functiondefinition (or be morespecific).
In thisdefinition,youcouldapplysquare to anything which is aninstanceof ���H� :|-,' , }E~��?�?� � , etc. However, if you knew apriori that square wereonly going to be
appliedto valueof type |-,' , you couldrefineits typeas:

square :: Int -> Int
square x = x*x

Now, youcouldonly applysquare to valuesof type |-,' . Moreover, with thisdef-
inition, thecompilerdoesn’t have to generatethegeneralcodespecifiedin theoriginal
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function definition sinceit knows you will only apply square to |-,' s, so it maybe
ableto generatefastercode.

If you have extensionsturnedon (“-98” in Hugsor “-fglasgow-exts” in GHC(i)),
you canalsoadda typesignatureto expressionsandnot just functions.For instance,
you couldwrite:

square (x :: Int) = x*x

which tells the compiler that x is an |-,/' ; however, it leaves the compiler alone
to infer the type of the rest of the expression. What is the type of square in this
example?Makeyourguessthenyoucancheckit eitherby enteringthiscodeinto afile
andloadingit into your interpreteror by askingfor thetypeof theexpression:

Prelude> :t (\(x :: Int) -> x*x)

sincethis lambdaabstractionis equivalentto theabove functiondeclaration.

4.4.5 Functional Arguments

In Section3.3we saw examplesof functionstakingotherfunctionsasarguments.For
instance,map tooka functionto applyto eachelementin a list, filter took a func-
tion thattold it whichelementsof a list to keep,andfoldl tookafunctionwhich told
it how to combinelist elementstogether. As with everyotherfunctionin Haskell,these
arewell-typed.

Let’s first think aboutthe map function. It’ s job is to takea list of elementsand
produceanotherlist of elements.Thesetwo lists don’t necessarilyhave to have the
sametypesof elements.Somap will takea valueof type � F  andproducea valueof
type � �  . How doesit do this? It usestheuser-suppliedfunction to convert. In order
to convert an F to a � , this functionmusthave type F � � . Thus,the typeof map is� F � � �c��� F  ���� �  , which you canverify in your interpreterwith “:t”.

We can apply the samesort of analysisto filter anddiscernthat it hastype� F � �h~(~�� �E��� F  ��£� F  . As we presentedthefoldl function,youmightbetempted
to give it type � F � F � F ��� F ��� F  <� F , meaningthatyou takea functionwhich
combinestwo F sinto anotherone,aninitial valueof type F , alist of F stoproduceafinal
valueof type F . In fact,foldl hasamoregeneraltype: � F � � � F ��� F ��� �  �� F .
Soit takesa functionwhich turnan F anda � into an F , aninitial valueof type F anda
list of � s. It producesan F .

To seethis,wecanwrite a functioncount which countshow many membersof a
list satisfya givenconstraint.You canof courseyou filter andlength to do this,
but we will alsodo it usingfoldr :

module Count
where

import Char
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count1 p l = length (filter p l)
count2 p l = foldr (\x c -> if p x then c+1 else c) 0 l

Thefunctioningof count1 is simple.It filters thelist l accordingto thepredicate
p, thentakesthelengthof theresultinglist. On theotherhand,count2 usestheintial
value(which is an integer) to hold the currentcount. For eachelementin the list l ,
it appliesthelambdaexpressionshown. This takestwo arguments,c which holdsthe
currentcountandx which is the currentelementin the list that we’re looking at. It
checksto seeif p holdsaboutx . If it does,it returnsthenew valuec+1 , increasingthe
countof elementsfor which thepredicateholds. If it doesn’t, it just returnsc , theold
count.

Exercises

Exercise13 Figure out for yourself,andthenverify thetypesof thefollowing expres-
sions,if they havea type. Alsonoteif theexpressionis a typeerror:

1. ¤ x -> [x]

2. ¤ x y z -> (x,y:z:[])

3. ¤ x -> x + 5

4. ¤ x -> "hello, world"

5. ¤ x -> x ’a’

6. ¤ x -> x x

7. ¤ x -> x + x

4.5 Data Types

Tuplesand lists are nice, commonways to definestructuredvalues. However, it is
often desirableto be ableto defineour own datastructuresandfunctionsover them.
So-called“datatypes”aredefinedusingthedata keyword.

4.5.1 Pairs

For instance,a definition of a pair of elements(muchlike the standard,build-in pair
type)couldbe:

data Pair a b = Pair a b
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Let’s walk throughthis codeoneword at a time. First we say“data” meaningthat
we’re defininga datatype.We thengive thenameof thedatatype,in this case,“Pair.”
The“a” and“b” thatfollow “Pair” aretypeparameters,just like the“a” is thetypeof
the functionmap. Soup until this point, we’ve saidthatwe’re going to definea data
structurecalled“Pair” which is parameterizedover two types,F and � .

After the equalssign, we specifythe constructorsof this datatype. In this case,
thereis a single constructor, “Pair” (this doesn’t necessarilyhave to have the same
nameasthe type, but in this caseit seemsto makemoresense).After this pair, we
againwrite “a b”, which meansthatin orderto constructa Pair we needtwo values,
oneof type F andoneof type � .

Thisdefinitionintroducesafunction,Pair :: a -> b -> Pair a b that
you canuseto constructPair s. If you enterthis codeinto a file andloadit, you can
seehow theseareconstructed:

Datatypes> :t Pair
Pair :: a -> b -> Pair a b
Datatypes> :t Pair ’a’
Pair ’a’ :: a -> Pair Char a
Datatypes> :t Pair ’a’ "Hello"
:t Pair ’a’ "Hello"
Pair ’a’ "Hello" :: Pair Char [Char]

So,by giving Pair two values,we have completelyconstructeda valueof type¥ FI*-) . Wecanwrite functionsinvolving pairsas:

pairFst (Pair x y) = x
pairSnd (Pair x y) = y

In this, we’ve usedthe patternmatching capabilitiesof Haskell to look at a pair
an extract valuesfrom it. In thedefinition of pairFst we takean entirePair and
extract the first element;similarly for pairSnd . We’ll discusspatternmatchingin
muchmoredetailin Section7.4.

Exercises
Exercise14 Writea datatypedeclarationfor Triple , a typewhich containsthreeel-
ements,all ofdifferenttypes.WritefunctionstripleFst , tripleSnd andtripleThr
to extract respectivelythefirst, secondandthird elements.

Exercise15 Write a datatypeQuadruple which holdsfour elements.However, the
first two elementsmustbe the sametypeand the last two elementsmustbe thesame
type. Writea functionfirstTwo which returnsa list containingthefirst twoelements
anda functionlastTwo which returnsa list containingthe last two elements.Write
typesignaturesfor thesefunctions
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4.5.2 Multiple Constructors

We have seenan exampleof the datatype with one constructor:Pair . It is also
possible(andextremelyuseful)to have multiple constructors.

Let us considera simple function which searchesthrougha list for an element
satisfyinga givenpredicateandthenreturnsthefirst elementsatisfyingthatpredicate.
What shouldwe do if noneof the elementsin the list satisfy the predicate?A few
optionsarelistedbelow:� Raiseanerror� Loop indefinately� Write a checkfunction� Returnthefirst element� 33/3

Raisingan error is certainlyan option (seeSection10.1 to seehow to do this).
The problemis that it is difficult/impossibleto recover from sucherrors. Looping
indefinatelyis possible,but not terribly useful.We couldwrite a sisterfunctionwhich
checksto seeif thelist containsanelementsatisfyinga predicateandleave it upto the
userto alwaysusethis functionfirst. Wecouldreturnthefirst element,but this is very
ad-hocanddifficult to remember.

Thefactthatthereis nobasicoptionto solvethisproblemsimplymeanswehaveto
think aboutit a little more.Whatarewe trying to do?We’re trying to write a function
which might succeedandmight not. Furthermore,if it doessucceed,it returnssome
sortof value.Let’swrite a datatype:

data Maybe a = Nothing
| Just a

This is oneof themostcommondatatypesin Haskellandis definedin thePrelude.
Here,we’re sayingthat thereare two possiblewaysto createsomethingof type

Maybe a. The first is to usethe nullary constructorNothing , which takesno ar-
guments(this is what “nullary” means).The secondis to usethe constructorJust ,
togetherwith a valueof typea.

The Maybe type is useful in all sortsof circumstances.For instance,suppose
we want to write a function (like head ) which returnsthe first elementof a given
list. However, we don’t want the programto die if the given list is empty. We can
accomplishthiswith a functionlike:

firstElement :: [a] -> Maybe a
firstElement [] = Nothing
firstElement (x:xs) = Just x
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Thetypesignatureheresaysthat firstElement takesa list of as andproduces
somethingwith typeMaybe a. In thefirst line of code,we matchagainsttheempty
list [] . If this matchsucceeds(i.e., thelist is, in fact,empty),we returnNothing . If
the first matchfails, thenwe try to matchagainstx:xs which mustsucceed.In this
case,wereturnJust x .

For our findElement function,we representfailureby thevalueNothing and
successwith valuea by Just a. Our functionmight look somethinglike this:

findElement :: (a -> Bool) -> [a] -> Maybe a
findElement p [] = Nothing
findElement p (x:xs) =

if p x then Just x
else findElement p xs

The first line heregivesthe type of the function. In this case,our first argument
is the predicate(andtakesan elementof type F andreturnsTrue if andonly if the
elementsatisfiesthe predicate);the secondargumentis a list of F s. Our returnvalue
is maybean F . That is, if the function succeeds,we will returnJust a andif not,
Nothing .

Anotherusefuldatatypeis theEither type,definedas:

data Either a b = Left a
| Right b

This is a way of expressingalternation.That is, somethingof typeEither a b
is eitheravalueof typea (usingtheLeft constructor)or avalueof typeb (usingthe
Right constructor).

Exercises

Exercise16 Writea datatypeTuple which canholdone,two,threeor four elements,
dependingon theconstructor(that is, there shouldbefour constructors,onefor each
numberof arguments).Alsoprovidefunctionstuple1 throughtuple4 which takea
tupleandreturnJust thevaluein thatposition,or Nothing if thenumberis invalid
(i.e., youaskfor thetuple4 on a tupleholdingonly two elements).

Exercise17 Basedon our definition of Tuple from the previous exercise, write a
function which takesa Tuple and returnseither the value (if it’ s a one-tuple),a
Haskell-pair (i.e., (’a’,5) ) if it’ s a two-tuple,a Haskell-tripleif it’ s a three-tuple
or a Haskell-quadrupleif it’ s a four-tuple. You will needto usethe Either typeto
representthis.
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4.5.3 RecursiveDatatypes

We can also define recursivedatatypes. Theseare datatypeswhosedefinitionsare
basedon themselves.For instance,we coulddefinea list datatypeas:

data List a = Nil
| Cons a (List a)

In this definition,we have definedwhatit meansto beof type ¦?* §T'xF . We saythata
list is eitherempty(Nil ) or it’ stheCons of avalueof type F andanothervalueof type¦?* §T'EF . This is almostidenticalto theactualdefinition of the list datatypein Haskell,
except that usesspecialsyntaxwhere[] correspondsto Nil and : correspondsto
Cons. We canwrite ourown length functionfor our listsas:

listLength Nil = 0
listLength (Cons x xs) = 1 + listLength xs

This function is slightly more complicatedand usesrecursion to calculatethe
length of a List . The first line saysthat the length of an empty list (a Nil ) is 5 .
This muchis obvious. Thesecondline tells us how to calculatethe lengthof a non-
emptylist. A non-emptylist mustbe of the form Cons x xs for somevaluesof x
andxs . We know thatxs is anotherlist andwe know thatwhatever thelengthof the
currentlist is, it’ s the lengthof its tail (the valueof xs ) plus one(to accountfor x ).
Thus,weapplythe listLength functionto xs andaddoneto theresult.Thisgives
usthelengthof theentirelist.

Exercises
Exercise18 WritefunctionslistHead , listTail , listFoldl andlistFoldr
which are equivalentto their Preludetwins,but functiononour List datatype. Don’t
worry aboutexceptionalconditionson thefirst two.

4.5.4 Binary Trees

We can definedatatypesthat are more complicatedthat lists. Supposewe want to
definea structurethat looks like a binary tree. A binary treeis a structurethat hasa
singleroot node;eachnodein thetreeis eithera “leaf” or a “branch.” If it’ s a leaf, it
holdsavalue;if it’ sabranch,it holdsavalueanda left child anda right child. Eachof
thesechildrenis anothernode.We candefinesucha datatypeas:

data BinaryTree a
= Leaf a
| Branch (BinaryTree a) a (BinaryTree a)

In this datatypedeclarationwe say that a BinaryTree of F s is either a Leaf
which holdsan F , or it’ sa branchwith a left child (which is a BinaryTree of F s), a
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nodevalue(whichis an F ), andaright child (whichis alsoaBinaryTree of F s). It is
simpleto modify the listLength functionso that insteadof calculatingthe length
of lists, it calculatesthenumberof nodesin aBinaryTree . Canyoufigureouthow?
We cancall this function treeSize . Thesolutionis givenbelow:

treeSize (Leaf x) = 1
treeSize (Branch left x right) =

1 + treeSize left + treeSize right

Here,wesaythatthesizeof a leaf is 4 andthesizeof abranchis thesizeof its left
child, plusthesizeof its right child, plusone.

Exercises
Exercise19 Write a functionelements which returnstheelementsin a Binary-
Tree in a bottom-up,left-to-right manner(i.e., the first elementreturnedin the left-
mostleaf, followedby its parent’s value,followedby the other child’s value,and so
on). Theresulttypeshouldbea normalHaskelllist.

Exercise20 Writea fold functionfor BinaryTree sandrewrite elements in terms
of it (call thenew oneelements2 ).

4.5.5 EnumeratedSets

You canalsousedatatypesto definethingslike enumeratedsets,for instance,a type
which canonly have a constrainednumberof values.Wecoulddefinea color type:

data Color
= Red
| Orange
| Yellow
| Green
| Blue
| Purple
| White
| Black

Thiswouldbesufficient to dealwith simplecolors.Supposewe wereusingthis to
write a drawing program,we could thenwrite a function to convert betweena Ch~�� ~()
anda RGBtriple. We canwrite acolorToRGB function,as:

colorToRGB Red = (255,0,0)
colorToRGB Orange = (255,128,0)
colorToRGB Yellow = (255,255,0)
colorToRGB Green = (0,255,0)
colorToRGB Blue = (0,0,255)
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colorToRGB Purple = (255,0,255)
colorToRGB White = (255,255,255)
colorToRGB Black = (0,0,0)

If we wantedalso to allow the userto definehis own customcolors, we could
changethe C�~�� ~() datatypeto somethinglike:

data Color
= Red
| Orange
| Yellow
| Green
| Blue
| Purple
| White
| Black
| Custom Int Int Int -- R G B components

And adda final definitionfor colorToRGB :

colorToRGB (Custom r g b) = (r,g,b)

4.5.6 The Unit type

A final useful datatypedefinedin Haskell (from the Prelude)is the unit type. It’ s
definitionis:

data () = ()

Theonly truevalueof this typeis () . This is essentiallythesameasavoid typein
a langaugelike C or Java andwill beusefulwhenwetalk aboutIO in Chapter5.

We’ll dwell muchmoreon datatypesin Sections7.4and8.3.

4.6 Continuation PassingStyle

Thereis a styleof functionalprogrammingcalled“ContinuationPassingStyle” (also
simply “CPS”). TheideabehindCPSis to passaroundasa functionargumentwhatto
do next. I will handwave throughanexamplewhich is too complex to write out at this
point andthengivea realexample,thoughonewith lessmotivation.

Considerthe problemof parsing. The idea here is that we have a sequenceof
tokens(words,letters,whatever) andwe want to ascribestructureto them. The task
of converting a stringof Java tokensto a Java abstractsyntaxtreeis anexampleof a
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parsingproblem.Sois thetaskof takinganEnglishsentenceandcreatinga parsetree
(thoughthelatteris quitea bit harder).

Supposewe’re parsingsomethinglike C or Java wherefunctionstakearguments
in parentheses.But for simplicity, assumethey arenot separatedby commas.That
is, a function call looks like myFunction(x y z) . We want to convert this into
somethinglike apair containingfirst thestring“myFunction”andthena list with three
stringelements:“x”, “y” and“z”.

The generalapproachto solving this would be to write a function which parses
functioncalls like this one. First it would look for an identifier (“myFunction”), then
for anopenparenthesis,thenfor zeroor moreidentifiers,thenfor a closeparenthesis.

Oneway to do thiswouldbeto have two functions:

parseFunction ::
[Token] -> Maybe ((String, [String]), [Token])

parseIdentifier ::
[Token] -> Maybe (String, [Token])

Theideawouldbethatif wecallparseFunction , if it doesn’t returnNothing ,
thenit returnsthepair describedearlier, togetherwith whatever is left afterparsingthe
function.Similarly, parseIdentifier will parseoneof thearguments.If it returns
Nothing , thenit’ snotanargument;if it returnsJust something,thenthatsomething
is theargumentpairedwith therestof thetokens.

What the parseFunction function would do is to parsean identifier. If this
fails, it fails itself. Otherwise,it continuesandtriesto parsea openparenthesis.If that
succeeds,it repeatedlycallsparseIdentifier until thatfails. It thentriesto parse
a closeparenthesis.If thatsucceeds,thenit’ sdone.Otherwise,it fails.

Thereis, however, anotherway to think aboutthis problem.Theadvantageto this
solutionis thatfunctionsno longerneedto returntheremainingtokens(which tendsto
getugly). Insteadof theabove,we write functions:

parseFunction ::
[Token] -> ((String, [String]) -> [Token] -> a) ->
([Token] -> a) -> a

parseIdentifier ::
[Token] -> (String -> [Token] -> a) ->
([Token] -> a) -> a

Let’s considerparseIdentifier . This takesthreearguments:a list of tokens
andtwo continuations. The first continuationis what to do whenyou succeed.The
secondcontinuationis whatto do if you fail. WhatparseIdentifier does,then,
is try to readan identifier. If this succeeds,it calls the first continuationwith that
identifierandtheremainingtokensasarguments.If readingtheidentifierfails, it calls
thesecondcontinuationwith all thetokens.
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Now considerparseFunction . Recall that it wantsto readan identifier, an
openparenthesis,zeroor moreidentifiersanda closeparenthesis.Thus,thefirst thing
it doesis call parseIdentifier . Thefirst argumentit givesis the list of tokens.
Thefirst continuation(which is whatparseIdentifier shoulddo if it succeeds)
is in turn a functionwhich will look for anopenparenthesis,zeroor morearguments
anda closeparethesis.Thesecondargument(thefailure argument)is just goingto be
thefailure functiongivento parseFunction .

Now, we simply needto definethis functionwhich looks for anopenparenthesis,
zeroor moreargumentsandacloseparethesis.This is easy. Wewrite a functionwhich
looks for the openparenthesisand then calls parseIdentifier with a success
continuationthat looks for moreidentifiers,anda “failure” continuationwhich looks
for thecloseparenthesis(notethatthisfailuredoesn’t reallymeanfailure– it justmeans
thereareno moreargumentsleft).

I realizethis discussionhasbeenquiteabstract.I wouldwillingly givecodefor all
thisparsing,but it is perhapstoocomplex atthemoment.Instead,considertheproblem
of folding acrossa list. If we’re willing to assumethat the list is nonempty(actually,
thiscodecanberetrofittedto alsowork for emptylists),wecanwrite aCPS-stylefold
as:

fold f z l = fold’ f (\y -> f z y) l

fold’ f g [x] = g x
fold’ f g (x:xs) = g (fold’ f (\y -> f x y) xs)

In thiscode,fold basicallyturnstheaccumulatorargumentz into acontinuation.
This continuationg says“give me a valueand then I’ll combineit with what I had
beforeandgive you theresult). Thefunction fold’ first matchesagainsta list with
exactly oneelement:x . If this matchsucceeds,it saysto g: “Here is a value,x . Give
metheresult.” Of course,g obliges.

In therecursivecase,fold’ buildsanew continuationthatsays:“give mea value
andI’ll combineit with what I seeright now.” It thenrecurseson itself andgivesthe
resultof this recursionto theoriginal functiong asa result.

You can test for yourself that this fold immitatesoneof foldl /foldr : try to
figure out which onewithout usingan interpreter. Also, try writing map or filter
usingCPS.
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Chapter 5

BasicInput/Outp ut

As we mentionedearlier, it is difficult to think of a good,cleanway to integratethings
like input/output into apurefunctionallanguage.Beforewegivethesolution,let’stake
a stepbackandthink aboutwhy sucha thing is difficult.

Any IO library shouldprovideahostof functions,containing(ataminimum)things
like:� print a stringto thescreen� reada stringfrom a keyboard� write datato a file� readdatafrom a file

Thereare two issueshere. Let us considerthe first two examplesfirst andthink
aboutwhattheir typesshouldbe. Certainlythefirst item (I hesitateto call it a “func-
tion”) shouldtakea &('�)�*-,. argumentandproducesomething,but whatshouldit pro-
duce?It couldproducea unit () , sincethereis essentiallyno returnvaluefrom print-
ing a string. Theseconditem similarly shouldreturna string,but how this happensis
unclear.

We wantbothof theseitemsto befunctions. But they areby definitionnot func-
tions. Theitem which readsa stringfrom thekeyboardcannotbea function,asit will
not returnthesamething every time. And if thefirst functionsimply returns() every
time, thereshouldbeno problemwith replacingit with a function f = () because
of referentialtransparency. But clearlythisdoesnothave thedesiredeffect.

5.1 The RealWorld Solution

In a sense,the reasonthat theseitemsarenot functionsis that they interactwith the
“real world.” Their valuesdependdirectly on therealworld. Supposingwe hada type¨ �F7� ©b~()K� ª , we mightwrite thesefunctionsashaving type:

57
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printAString :: RealWorld -> String -> RealWorld
readAString :: RealWorld -> (RealWorld, String)

Thatis, printAString takesa currentstateof theworld anda stringto print; it
thenmodifiesthestateof theworld in sucha way that that string is now printedand
returnsthis new value. Similarly, readAString takesa currentstateof the world
andreturnsa new stateof theworld pairedwith the &('�)�*-,. thatwastyped.

Thiswouldbeapossiblewayto doIO, thoughit is morethansomewhatunweildy.
In this style, our “Name.hs” programfrom Section3.8 would look somethinglike
(assuminganinitial

¨ �F7� ©b~()K� ª statewereanargumentto main ):

main rW =
let rW’ = printAString rW "Please enter your name: "

(rW’’,name) = readAString rW’
in printAString rW’’

("Hello, " ++ name ++ ", how are you?")

This is not only hardto read,but proneto error if you accidentallyusethewrong
versionof therealworld. It alsodoesn’t modelthefact that theprogrambelow makes
no sense:

main rW =
let rW’ = printAString rW "Please enter your name: "

(rW’’,name) = readAString rW’
in printAString rW’

("Hello, " ++ name ++ ", how are you?")

In this programthereferenceto rW’’ on the last line hasbeenchangedto a ref-
erenceto rW’ . It is completelyunclearwhat this programshoulddo. Clearly it must
readastringin orderto getavaluefor name to beprinted.But thatmeansthatthereal
world hasbeenupdated.However, we thentry to ignorethis updateby usingan“old
version”of therealworld. Thereis clearlysomethingvery badgoingon here.

5.2 The CPSSolution

A solutionto this “old real world reference”problemis to usea continuationpassing
style.Thatis, theprintAString functiontakesa &('�)�*-,. aswell assomethingto do
after this stringhasbeenprinted.Thus,we never have accessto the“old world.” This
resultsin typeslike:

printAString2 ::
String -> (RealWorld -> a) -> RealWorld -> a
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readAString2 ::
(String -> RealWorld -> a) -> RealWorld -> a

Thesefunctionscouldthenbeusedto build our classnameprogramas:

main rw =
printAString2 "Please enter your name: "
(readAString2 (\name ->

printAString2
("Hello, " ++ name ++ ", how are you?"))) rw

Here,first we print thequerystring thenpassa functionwhich readsa stringand
passesthe readstring to a function which prints the greating. The advantageto this
style is thatwe now have no way of referencingtheactualrealworld andsowe don’t
have to worry aboutpeopleaccidentally(or maliciously)usingold statesof theworld.

Wecanevendefinethesefunctionsin termsof theold ones(presumablyacompiler
woulddo this internallyandsimplynot allow usaccessto the“basic” functions):

printAString2 s f rw = f (printAString rw s)

readAString2 f rw =
let (rw’, s) = readAString rw
in f s rw’

Thedisadvantageto thisstyleis thatit tendsto bedifficult to read.Eventhissimple
programis difficult to understandat first glance(or perhapsevensecondglance).

Suffice it to saythatdoingIO operationsin a purelazy functionallanguageis not
trivial.

ThebreakthroughcamewhenPhil Wadlerdecidedthatmonadswould be a good
way to think aboutIO computations.In fact, monadsareableto expressmuchmore
than just the simpleoperationsdescribedabove. We canusethemto expressthings
like concurrence,exceptions,IO, non-determinismandmuchmore.Moreover, thereis
nothingspecialaboutthem:they canbedefinedwithinHaskellwith nospecialhandling
from thecompiler(thoughcompilersoftenchooseto optimizemonadicoperations).

5.3 Actions

As pointedout before,we cannotthink of thingslike “print a string to thescreen”or
“readdatafrom afile” asfunctions,sincethey arenot(in thepuremathematicalsense).
Therefore,we give themanothername:actions. Not only do we give thema special
name,wegivethemaspecialtype.Oneparticularlyusefulactionis putStrLn which
printsa stringto thescreen.Thisactionhastype:

putStrLn :: String -> IO ()
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As expected,putStrLn takesa string argument. What it returnsis of type IO
() . This meansthat this function is actuallyan action (that is what the |�¢ ) means.
Furthermore,whenthisactionis evaluated(or “run”) , theresultwill have type ��� .

NOTE Actually, this typemeansthatputStrLn is anactionwithin
theIO monad, but we will glossover this for now.

You canprobablyalreadyguessthetypeof getLine :

getLine :: IO String

ThismeansthatgetLine is anIO actionwhich,whenrun,will have type &B'�)+*-,/. .
Thequestionimmediatelyarises:how do you “run” an action. This is something

which is up to the compiler. You cannotactually run an actionyourself; instead,a
programis itself a singleactionwhich is run whenthecompiledprogramis executed.
Thus,thecompilerrequiresthatthemain functionhave type | ¢ �K� , which meansthat
it is anIO actionwhichreturnsnothing.Thecompiledcodethenexecutesthisaction.

However, while you are not allowed to run actionsyourself, you are allowed to
combine actions. In fact, we have alreadyseenone way to do this using the do
notation(how to “really” do this will be unveiled in Chapter9). Let’s considerthe
original nameprogram,repeatedherefor convenience:

main = do
hSetBuffering stdin LineBuffering
putStrLn "Please enter your name: "
name <- getLine
putStrLn ("Hello, " ++ name ++ ", how are you?")

Wecanconsiderthedo notationasawayto combineasequenceof actions.More-
over, the <- notationis a way to get thevalueout of an action. So, in this program,
we’re sequencingfour actions:settingbuffering, a putStrLn , a getLine andan-
otherputStrLn . The putStrLn actionhastype &('�)+*-,/. � | ¢ �K� so we provide it
a &('�)�*-,. so the fully appliedactionhastype |�¢ ��� . This is somethingwhich we are
allowedto execute.

ThegetLine actionhastype | ¢�&B'�)+*-,/. , soit is okayto executeit directly. How-
ever, in orderto getthevalueoutof theaction,we write name <- getLine which
basicallymeans“run getLine andput theresultsin thevariablecalledname.”

NormalHaskellconstructionslike if/then/elseandcase/ofcanbe usedwithin the
do notation,but you do needto be somewhatcareful. For instance,in our “guessthe
number”program,we have:

do ...
if (read guess) < num

then do putStrLn "Too low!"
doGuessing num
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else if read guess > num
then do putStrLn "Too high!"

doGuessing num
else do putStrLn "You Win!"

If we think abouthow the if/then/elseconstructionworks,it essentiallytakesthree
arguments: the condition, the “then” branch,and the “else” branch. The condition
needsto have type �h~(~�� andthe two branchescanhave any type,providedthey have
the sametype. The typeof theentire if/then/elseconstructionis thenthe typeof the
two branches.

In theoutermostcomparison,wehave (read guess) < numasthecondition.
Thisclearlyhasthecorrecttype.Let usinspectthe“then” branch.Thecodehereis:

do putStrLn "Too low!"
doGuessing num

Here,we aresequencingtwo actions: putStrLn anddoGuessing . The first
hastype |�¢ ��� which is fine. The secondalsohastype |�¢ ��� which is fine. The type
resultof theentirecomputationis preciselythetypeof thefinal computation.Thus,the
typeof the“then” branchis also | ¢ ��� . A similar argumentshows that thetypeof the
“else” branchis also | ¢ �K� . This meansthetypeof theentireif/then/elseconstruction
is |�¢ �K� which is just whatwe want.

NOTE In this code,the last line is “else do putStrLn "You
Win!" ”. This is actually somewhat overly verbose. In fact, else
putStrLn "You Win!" wouldhavebeensufficient,sincedo is only
necessaryto sequenceactions.Sincewe have only oneactionhere,it is
superfluous.

It is incorrect to think to yourself“Well, I alreadystarteda do block; I don’t need
anotherone” andhencewrite somethinglike:

do if (read guess) < num
then putStrLn "Too low!"

doGuessing num
else ...

Here,sincewedidn’t repeatthedo, thecompilerdoesn’t know thattheputStrLn
anddoGuessing callsaresupposedto besequencedandwill think you’re trying to
call putStrLn with threearguments;namelythestring,thefunctiondoGuessing
andthe integer num. It will certainlycomplain(thoughthe error may be somewhat
difficult to comprehendat thispoint).

We canwrite thesamedoGuessing functionusinga casestatement.To do this,
we first introducethePreludefunctioncompare which takestwo valuesof thesame
type(in the «S¬? class)andreturnsoneof GT, LT, EQdependingon whetherthefirst
is greaterthan,lessthan,or equalto thesecond.
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doGuessing num = do
putStrLn "Enter your guess:"
guess <- getLine
case compare (read guess) num of

LT -> do putStrLn "Too low!"
doGuessing num

GT -> do putStrLn "Too high!"
doGuessing num

EQ -> putStrLn "You Win!"

Here,again,thedosafterthe-> sarenecessaryonthefirst two optionsbecausewe
aresequencingactions.

If you’reusedto programmingin animperative languagelike C or Java,youmight
think thatreturn will exit you outof thecurrentfunction.This is notsoin Haskell.In
Haskell,return simply takesa normalvalue(for instance,of type |�¢�|�,/' ) andmakes
it into anactionwhich returnsthatvalue(for instance,of type |�,/' ). In particular, in an
imperative languageyou mightwrite this functionas:

void doGuessing(int num) {
print "Enter your guess:";
int guess = atoi(readLine());
if (guess == num) {

print "You win!";
return ();

}

// we won’t get here if guess == num
if (guess < num) {

print "Too low!";
doGuessing(num);

} else {
print "Too high!";
doGuessing(num);

}
}

Here,becausewe have the return () in thefirst if match,we expectthecode
to exit there(andin modeimperativelanguages,it does).However, theequivalentcode
in Haskell,which might look somethinglike:

doGuessing num = do
putStrLn "Enter your guess:"
guess <- getLine
case compare (read guess) num of
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EQ -> do putStrLn "You win!"
return ()

-- we don’t expect to get here unless guess == num
if (read guess < num)

then do print "Too low!";
doGuessing

else do print "Too high!";
doGuessing

This will not behave asyou expect. First of all, if you do guesscorrectly, it will
first print “You win!”, but it won’t exit andit will checkwhetherguess is lessthan
num. Of courseit is not, sotheelsebranchis takenandit will print “Too high!” and
thenaskyou to guessagain.

Ontheotherhand,if youguessincorrectly, it will try to evaluatethecasestatement
andgeteitherLT or GTastheresultof thecompare . In eithercase,it won’t have a
patternwhich matchesandtheprogramwill fail immediately.

Exercises
Exercise21 Write a program that asksthe user for his or her name. If their name
is oneof Simon,John or Phil, tell themyou think Haskell is a great programming
language. If their nameis Koen,tell themyou think debuggingHaskell is fun (Koen
Classenis oneof the peoplewho workson Haskelldebugging); otherwise,tell them
youdon’t knowwhothey are.
Write two differentversionsof this program,oneusingif statements,oneusinga case
statement.

5.4 The IO Library

TheIO Library (availableby import ing theIO module)containsmany definitions,the
mostcommonof which arelistedbelow:

data IOMode = ReadMode | WriteMode
| AppendMode | ReadWriteMode

openFile :: FilePath -> IOMode -> IO Handle
hClose :: Handle -> IO ()

hIsEOF :: Handle -> IO Bool

hGetChar :: Handle -> IO Char
hGetLine :: Handle -> IO String
hGetContents :: Handle -> IO String
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getChar :: IO Char
getLine :: IO String
getContents :: IO String

hPutChar :: Handle -> Char -> IO ()
hPutStr :: Handle -> String -> IO ()
hPutStrLn :: Handle -> String -> IO ()

putChar :: Char -> IO ()
putStr :: String -> IO ()
putStrLn :: String -> IO ()

readFile :: FilePath -> IO String
writeFile :: FilePath -> String -> IO ()

bracket ::
IO a -> (a -> IO b) -> (a -> IO c) -> IO c

NOTE The type ®(*-� � ¥ F/'�D is a type synonymfor &('�)�*-,. . That is,
thereis no differencebetween®(*-� � ¥ F/'�D and &('�)�*-,. . So,for instance,the
readFile functiontakesa &B'�)+*-,/. (thefile to read)andreturnsanaction
which, whenrun, producesthecontentsof thatfile. SeeSection8.1 for
moreabouttypesynonyms.

Most of thesefunctionsareself-explanatory. TheopenFile andhClose func-
tions openandclosea file, respectively, usingthe |�¢e¯°~(ª?� argumentasthe modefor
openingthe file. hIsEOF testsfor end-offile. hGetChar andhGetLine reada
characteror line from a file, respectively. hGetContents readsin the entirefile.
The getChar , getLine and getContents variantsreadfrom standardinput.
hPutChar prints a characterto a file; hPutStr prints a string andhPutStrLn
prints a stringwith a newline characterat theend. Thevariantswithout the h prefix
work on standardoutput. The readFile andwriteFile functionsreadanentire
file withouthaving to openit first.

The bracket function is usedto perform actionssafely. Considera function
which opensa file, writesa characterto it, andthenclosesthefile. Whenwriting such
a function,oneneedsto becarefulto ensurethat if therewereanerrorat somepoint,
the file is still successfullyclosed.The bracket function makesthis easy. It takes
threearguments.Thefirst is theactionto performat thebeginning. Thesecondis the
actionto performat theend,regardlessof whetherthere’s anerroror not. Thethird is
the actionto performin the middlewhich might result in an error. For instance,our
character-writing functionmight look like:

writeChar :: FilePath -> Char -> IO ()
writeChar fp c =

bracket
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(openFile fp ReadMode)
hClose
(\h -> hPutChar h c)

This will openthe file, write the characterand then closethe file. However, if
writing the characterfails, hClose will still be executedandthe exceptionwill be
reraisedafterwards.That way you don’t needto worry too muchaboutcatchingthe
exceptionsandclosingall your handles.

5.5 A File ReadingProgram

We canwrite a simpleprogramthatallowsauserto readandwrite files. Theinterface
is admittedlypoor and it doesnot catchall errors (try readinga non-existant file).
Neverthelessit shouldgive a fairly completeexampleof how to use IO. Enter the
following codeinto “FileRead.hs”andcompile/run.

module Main
where

import IO

main = do
hSetBuffering stdin LineBuffering
doLoop

doLoop = do
putStrLn "Enter a command rFN wFN or q to quit:"
command <- getLine
case command of

’q’:_ -> return ()
’r’:filename -> do putStrLn ("Reading " ++ filename)

doRead filename
doLoop

’w’:filename -> do putStrLn ("Writing " ++ filename)
doWrite filename
doLoop

_ -> doLoop

doRead filename =
bracket (openFile filename ReadMode) hClose

(\h -> do contents <- hGetContents h
putStrLn "The first 100 chars:"
putStrLn (take 100 contents))

doWrite filename = do
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putStrLn "Enter text to go into the file:"
contents <- getLine
bracket (openFile filename WriteMode) hClose

(\h -> hPutStrLn h contents)

Whatdoesthis programdo?First, it issuesa shortstringof instructionsandreads
a command.It thenperformsa caseswitchon thecommandandchecksfirst to seeif
thefirst characteris a ’q’. If it is, it returnsavalueof unit type.Thereturn function
is a functionwhich takesavalueof type F andreturnsanactionof type |�¢±F . Thus,the
typeof return () is | ¢ �K� .

If thefirst characterof thecommandwasn’t a ’q’, it checksto seeif it wasan ’r’
followedby somestringwhich is boundto thevariablefilename . It thentells you
that it’ s readingthefile, doestheread,andrunsdoLoop again.Thecheckfor ’w’ is
nearlyidentical.Otherwise,it matches, thewildcardcharacter, andloopsto doLoop .

ThedoRead functionusesthebracket functionto makesurethereareno prob-
lemsreadingthefile. It opensa file in

¨ �F/ª<¯°~(ª?� , getsits contentsandprintsthefirst
100characters(the take functiontakesan integer n anda list andreturnsthefirst n
elementsof thelist).

The doWrite function asksfor sometext, readsit from the keyboardandthen
writesit to thefile specified.

NOTE Both doRead anddoWrite couldhave beenmadesimpler
by usingreadFile andwriteFile , but they werewritten in theex-
tendedfashionto show how themorecomplex functionsareused.

The only major problemwith this programis that it will die if you try to reada
file thatalreadyexists,or if you specifysomebadfilenamelike * #̂ @. You maythink
that the calls to bracket in doRead anddoWrite shouldtakecareof this, but
they don’t. They only catchexceptionswithin themain body, not withing thestartup
or shutdown functions(openFile andhClose in thesecases).We would needto
catchexceptionsraisedby openFile in orderto makethiscomplete.Wewill do this
whenwe talk aboutexceptionsin moredetail in Section10.1.

Exercises
Exercise22 Write a programwhich first askswhethertheuserwantsto readfroma
file, write to a file or quit. If they respondquit, theprogramshouldexit. If they respond
read,theprogramshouldaskthemfor a file nameandprint that file out (if it doesn’t
exist, it shouldnot crash).If they respondwrite, it shouldaskthemfor a file nameand
thenaskthemfor text to write to thefile,with “.” signalingdone. All but the“.” should
bewritten to thefile.
For example,runningthis programmightproduce:

Do you want to [read] a file, [write] a file or [quit]?
read
Enter a file name to read:
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foo
...contents of foo...
Do you want to [read] a file, [write] a file or [quit]?
write
Enter a file name to write:
foo
Enter text (dot on a line by itself to end):
this is some
text for
foo
.
Do you want to [read] a file, [write] a file or [quit]?
read
Enter a file name to read:
foo
this is some
text for
foo
Do you want to [read] a file, [write] a file or [quit]?
read
Enter a file name to read:
foof
Sorry, that file does not exist.
Do you want to [read] a file, [write] a file or [quit]?
blech
I don’t understand the command blech.
Do you want to [read] a file, [write] a file or [quit]?
quit
Goodbye!
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Chapter 6

Modules

In Haskell,programsubcomponentsaredividedinto modules.Eachmodulesits in its
own file andthe nameof the moduleshouldmatchthe nameof the file (without the
“.hs” extension,of course),if youwish to ever usethatmodulein a largerprogram.

For instance,supposeI amwriting a gameof poker. I maywish to have a separate
modulecalled“Cards” to handlethegenerationof cards,theshuffling andthedealing
functions,andthenusethis “Cards” modulein my “Poker” modules.That way, if I
evergobackandwantto write ablackjackprogram,I don’t have to rewrite all thecode
for thecards;I cansimply import theold “Cards”module.

6.1 Exports

Supposeassuggestedwearewriting acardsmodule.I haveleft out theimplementation
details,but supposetheskeletonof ourmodulelookssomethinglike this:

module Cards
where

data Card = ...
data Deck = ...

newDeck :: ... -> Deck
newDeck = ...

shuffle :: ... -> Deck -> Deck
shuffle = ...

-- ’deal deck n’ deals ’n’ cards from ’deck’
deal :: Deck -> Int -> [Card]
deal deck n = dealHelper deck n []
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dealHelper = ...

In this code,the function deal calls a helperfunction dealHelper . The im-
plementationof thishelperfunctionis very dependentontheexactdatastructuresyou
usedfor Card andDeck sowedon’t wantotherpeopleto beableto call this function.
In orderto dothis,wecreateanexport list, whichweinsertjustafterthemodulename
declaration:

module Cards ( Card(),
Deck(),
newDeck,
shuffle,
deal

)
where

...

Here,we have specifiedexactly whatfunctionsthemoduleexports,sopeoplewho
usethis modulewon’t be able to accessour dealHelper function. The () after
Card andDeck specifythat we areexporting the typebut noneof theconstructors.
For instanceif our definitionof Card were:

data Card = Card Suit Face
data Suit = Hearts

| Spades
| Diamonds
| Clubs

data Face = Jack
| Queen
| King
| Ace
| Number Int

Thenusersof our modulewould beableto usethingsof typeCard , but wouldn’t
beableto constructtheirown Card sandwouldn’t beableto extractany of thesuit/face
informationstoredin them.

If we wantedusersof our moduleto be ableto accessall of this information,we
wouldhave to specifyit in theexport list:

module Cards ( Card(Card),
Suit(Hearts,Spades,Diamonds,Clubs),
Face(Jack,Queen,King,Ace,Number),
...

)
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where

...

Thiscangetfrustratingif you’reexportingdatatypeswith many constructors,soif
you wantto export themall, youcansimply write (..) , asin:

module Cards ( Card(..),
Suit(..),
Face(..),
...

)
where

...

And this will automaticallyexport all theconstructors.

6.2 Imports

Therearea few idiosyncraciesin the moduleimport system,but aslong asyou stay
away from the cornercases,you shouldbe fine. Suppose,as before,you wrote a
modulecalled“Cards” which you saved in the file “Cards.hs”. You arenow writing
yourpokermoduleandyouwantto importall thedefinitionsfrom the“Cards”module.
To do this,all you needto do is write:

module Poker
where

import Cards

This will enableto you useany of the functions,typesandconstructorsexported
by themodule“Cards”. You may refer to themsimply by their namein the “Cards”
module(as,for instance,newDeck ), or youmayreferto themexplicitely asimported
from “Cards”(as,for instance,Cards.newDeck ). It maybethecasethattwomodule
export functionsor typesof the samename. In thesecases,you can import oneof
the modulesqualified which meansthat you would no longerbe ableto simply use
the newDeck format but mustusethe longerCards.newDeck format, to remove
ambiguity. If you wantedto import “Cards” in this qualifiedform, youwouldwrite:

import qualified Cards

Anotherway to avoid problemswith overlappingfunctiondefinitionsis to import
only certainfunctionsfrom modules.Supposeweknew theonly functionfrom “Cards”
thatwe wantedwasnewDeck , we couldimportonly this functionby writing:
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import Cards (newDeck)

On theotherhand,supposewe knew that that thedeal functionoverlappedwith
anothermodule,but thatwedidn’t needthe“Cards”versionof thatfunction.Wecould
hidethedefinitionof deal andimporteverythingelseby writing:

import Cards hiding (deal)

Finally, supposewe wantto import “Cards” asa qualifiedmodule,but don’t want
to have to typeCards. outall thetimeandwould ratherjust type,for instance,C. –
we coulddo thisusingtheaskeyword:

import qualified Cards as C

Theseoptionscanbe mixed andmatched– you cangive explicit import lists on
qualified/asimports,for instance.

6.3 Hierar chical Imports

Thoughtechnicallynotpartof theHaskell98standard,mostHaskellcompilerssupport
hierarchicalimports.Thiswasdesignedto getrid of clutter in thedirectoriesin which
modulesare stored. Hierarchicalimportsallow you to specify (to a certaindegree)
wherein thedirectorystructurea moduleexists. For instance,if you have a “haskell”
directory on your computerand this directory is in your compiler’s path (seeyour
compilernotesfor how to set this; in GHC it’ s “-i”, in Hugsit’ s “-P”), thenyou can
specifymodulelocationsin subdirectoriesto thatdirectory.

Supposeinsteadof saving the “Cards” modulein your generalhaskelldirectory,
youcreatedadirectoryspecificallyfor it called“Cards”. Thefull pathof theCards.hs
file is thenhaskell/Cards/Cards.hs (or, for Windowshaskell ¤ Cards ¤ Cards.hs ).
If you thenchangethenameof theCardsmoduleto “Cards.Cards”,asin:

module Cards.Cards(...)
where

...

You couldthemimport it in any module,regardlessof thismodule’sdirectory, as:

import Cards.Cards

If you start importing thesemodulequalified, I highly recommendusing the as
keyword to shortenthenames,soyou canwrite:
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import qualified Cards.Cards as Cards

... Cards.newDeck ...

insteadof:

import qualified Cards.Cards

... Cards.Cards.newDeck ...

whichtendsto getugly.

6.4 Literate VersusNon-Literate

The ideaof literateprogrammingis a relatively simpleone,but took quitea while to
becomepopularized. Whenwe think aboutprogramming,we think aboutthe code
beingthedefaultmodeof entryandcommentsbeingsecondary. Thatis, we write code
withoutany specialannotation,but commentsareannotatedwith either-- or l - ...
- m . Literateprogrammingswapsthesepreconceptions.

Therearetwo typesof literateprogramsin Haskell; the first usesso-calledBird-
scriptsandthe secondusesLATEX-style markup. Eachwill be discussedindividually.
No matterwhich you use,literatescriptsmusthave theextensionlhs insteadof hs to
tell thecompilerthattheprogramis written in a literatestyle.

6.4.1 Bird-scripts

In a Bird-style literateprogram,commentsaredefaultandcodeis introducedwith a
leadinggreater-thansign (“>”). Everythingelseremainsthesame.For example,our
Hello World programwouldbewritten in Bird-styleas:

This is a simple (literate!) Hello World program.

> module Main
> where

All our main function does is print a string:

> main = putStrLn "Hello World"

Notethat thespacesbetweenthe linesof codeandthe“comments”arenecessary
(your compilerwill probablycomplainif you aremissingthem). Whencompiledor
loadedin an interpreter, this programwill have theexact samepropertiesasthenon-
literateversionfrom Section3.4.
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6.4.2 LaTeX-scripts

LATEX is a text-markuplanguagevery popularin theacademiccommunityfor publish-
ing. If youareunfamiliarwith LATEX, you maynotfind thissectionterribly usefaul.

Again,a literateHello World programwritten in LATEX-style would look like:

This is another simple (literate!) Hello World program.

\begin{code}
module Main

where
\end{code}

All our main function does is print a string:

\begin{code}
main = putStrLn "Hello World"
\end{code}

In LATEX-style scripts,theblanklinesarenot necessary.



Chapter 7

AdvancedFeatures

Discussion

7.1 Sectionsand Infix Operators

We’ve alreadyseenhow to doublethevaluesof elementsin a list usingmap:

Prelude> map (\x -> x*2) [1,2,3,4]
[2,4,6,8]

However, thereis amoreconciseway to write this:

Prelude> map (*2) [1,2,3,4]
[2,4,6,8]

This typeof thingcanbedonefor any infix function:

Prelude> map (+5) [1,2,3,4]
[6,7,8,9]
Prelude> map (/2) [1,2,3,4]
[0.5,1.0,1.5,2.0]
Prelude> map (2/) [1,2,3,4]
[2.0,1.0,0.666667,0.5]

You might betemptedto try to subtractvaluesfrom elementsin a list by mapping
-2 acrossa list. This won’t work, though,becausewhile the + in +2 is parsedas
thestandardplusoperator(asthereis no ambiguity),the - in -2 is interpretedasthe
unaryminus,not thebinaryminus. Thus-2 hereis thenumber � 8 , not the function��@x3�@ � 8 .

In general,thesearecalledsections.For binary infix operators(like +), we can
causethefunctionto becomeprefixby enclosingit in paretheses.For example:

75
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Prelude> (+) 5 3
8
Prelude> (-) 5 3
2

Additionally,wecanprovideeitherof its argumentto makeasection.For example:

Prelude> (+5) 3
8
Prelude> (/3) 6
2.0
Prelude> (3/) 6
0.5

Non-infix functionscanbemadeinfix by enclosingthemin backquotes(“ ’̀’). For
example:

Prelude> (+2) ‘map‘ [1..10]
[3,4,5,6,7,8,9,10,11,12]

7.2 Local Declarations

Recall backfrom Section3.5, therearemany computationswhich requireusingthe
resultof thesamecomputationin multiple placesin a function. There,we considered
thefunctionfor computingtherootsof a quadraticpolynomial:

roots a b c =
((-b + sqrt(b*b - 4*a*c)) / (2*a),

(-b - sqrt(b*b - 4*a*c)) / (2*a))

In additionto thelet bindingsintroducedthere,wecandothisusingawhereclause.
where clausescomeimmediatelyafterfunctiondefinitionsandintroducea new level
of layout(seeSection7.11).We write thisas:

roots a b c =
((-b + det) / (2*a), (-b - det) / (2*a))
where det = sqrt(b*b-4*a*c)

Any valuesdefinedin awhere clauseshadowany othervalueswith thesamename.
For instance,if we hadthefollowingcodeblock:
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det = "Hello World"

roots a b c =
((-b + det) / (2*a), (-b - det) / (2*a))
where det = sqrt(b*b-4*a*c)

f _ = det

The valueof roots doesn’t notice the top-level declarationof det , sinceit is
shadowed by the local definition (the fact that the typesdon’t matchdoesn’t matter
either). Furthermore,sincef cannot“seeinside” of roots , theonly thing it knows
aboutdet is whatis availableat thetoplevel, whichis thestring“Hello World.” Thus,
f is a functionwhich takesany argumentto thatstring.

Whereclausescancontainany numberof subexpressions,but they mustbealigned
for layout. For instance,we could also pull out the 2*a computationand get the
following code:

roots a b c =
((-b + det) / (a2), (-b - det) / (a2))
where det = sqrt(b*b-4*a*c)

a2 = 2*a

Sub-expressionsin where clausesmust comeafter function definitions. Some-
times it is more convenient to put the local definitionsbeforethe actualexpression
of the function. This canbe doneby using let/in clauses.We have alreadyseenlet
clauses;where clausesarevirtually identicalto their let clausecousinsexceptfor their
placement.Thesameroots functioncanbewrittenusinglet as:

roots a b c =
let det = sqrt (b*b - 4*a*c)

a2 = 2*a
in ((-b + det) / a2, (-b - det) / a2)

Usinga where clause,it lookslike:

roots a b c = ((-b + det) / a2, (-b - det) / a2)
where

det = sqrt (b*b - 4*a*c)
a2 = 2*a

Thesetwo typesof clausescanbemixed(i.e., you canwrite a functionwhich has
both a let causeanda where clause).This is stronglyadvisedagainst, asit tendsto
makecodedifficult to read. However, if you chooseto do it, valuesin the let clause
shadow thosein thewhere clause.Soif you definethefunction:
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f x =
let y = x+1
in y
where y = x+2

The valueof f 5 is 6, not 7. Of course,I pleadwith you to never ever write
codethatlookslike this. No oneshouldhave to rememberthis rule andby shadowing
where-definedvaluesin a let clauseonly makesyourcodedifficult to understand.

In general,whetheryou shoulduselet clausesor where clausesis largely a matter
of personalpreference.Usually, the namesyou give to thesubexpressionsshouldbe
sufficiently expressive that without readingtheir definitionsany readerof your code
shouldbe ableto figure out what they do. In this case,where clausesareprobably
moredesirablebecausethey allow thereaderto seeimmediatelywhata functiondoes.
However, in real life, valuesareoftengivencryptic names.In which caselet clauses
maybebetter. Eitheris probablyokay, thoughI thinkwhereclausesaremorecommon.

7.3 Partial Application

Partialapplicationis whenyoutakeafunctionwhichtakesn argumentsandyousupply
it with W n of them. When discussingsectionsin Section7.1, we saw a form of
“partial application”in which functionslike + werepartially applied.For instance,in
theexpressionmap (+1) [1,2,3] , thesection(+1) is a partialapplicationof +.
This is because+ really takestwo arguments,but we’ve only givenit one.

Partial applicationis very commonin functiondefinitionsandsometimesgoesby
thename“eta reduction”.For instance,supposewe arewritting a function lcaseS-eta reduction
tring which convertsa wholestringinto lowercase.We couldwrite thisas:

lcaseString s = map toLower s

Here,thereis no partialapplication(thoughyoucouldarguethatapplyingnoargu-
mentsto toLower couldbeconsideredpartialapplication).However, we noticethat
theapplicationof s occursat theendof bothlcaseString andof map toLower .
In fact,we canremove it by performingetareduction,to get:

lcaseString = map toLower

Now, we have a partial applicationof map: it expectsa function anda list, but
we’ve only givenit thefunction.

This all is relatedto type type of map, which is � F � � ���£�T� F  <��� �  �� , when
parenthesesareall included.In our case,toLower is of type CEDGF!) � CHDIFI) . Thus,if
we supplythis functionto map, wegeta functionof type � CEDGF!)  <��� CEDGF!)  , asdesired.

Now, considerthetaskof convertingastringto lowercaseandremove all nonletter
characters.We mightwrite thisas:
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lcaseLetters s = map toLower (filter isAlpha s)

But notethatwe canactuallywrite this in termsof functioncomposition:

lcaseLetters s = (map toLower . filter isAlpha) s

And again,we’re left with anetareduciblefunction:

lcaseLetters = map toLower . filter isAlpha

Writing functionsin this style is very commonamongadvancedHaskellusers.In
fact it hasaname:point-freeprogramming(not to beconfusedwith pointlessprogram- point-free programming
ming). It is call point freebecausein theoriginal definitionof lcaseLetters , we
canthink of thevalues asapointonwhich thefunctionis operating.By removing the
point from thefunctiondefinition,we have a point-freefunction.

A functionsimilar to (.) is ($) . Whereas(.) is functioncomposition,($) is $

functionapplication.Thedefinitionof ($) from thePreludeis verysimple: function application

f $ x = f x

However, this function is givenvery low fixity, which meansthat it canbeusedto
replaceparentheses.For instance,wemight write a function:

foo x y = bar y (baz (fluff (ork x)))

However, usingthefunctionapplicationfunction,we canrewrite thisas:

foo x y = bar y $ baz $ fluff $ ork x

This moderatelyresemblesthe functioncompositionsyntax.The ($) function is
alsousefulwhencombinedwith otherinfix functions.For instance,we cannotwrite:

Prelude> putStrLn "5+3=" ++ show (5+3)

becausethisis interpretedas(putStrLn "5+3=") ++ (show (5+3)) , which
makesno sense.However, we canfix thisby writing instead:

Prelude> putStrLn $ "5+3=" ++ show (5+3)

Whichworksfine.
Considernow the taskof extracting from a list of tuplesall the oneswhosefirst

componentis greaterthanzero.Oneway to write this wouldbe:
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fstGt0 l = filter (\ (a,b) -> a>0) l

Wecanfirst applyetareductionto thewholefunction,yielding:

fstGt0 = filter (\ (a,b) -> a>0)

Now, we canrewrite the lambdafunction to usethe fst function insteadof the
patternmatching:

fstGt0 = filter (\x -> fst x > 0)

Now, we canusefunctioncompositionbetweenfst and> to get:

fstGt0 = filter (\x -> ((>0) . fst) x)

And finally we canetareduce:

fstGt0 = filter ((>0).fst)

Thisdefinitionis simultaneouslyshorterandeasierto understandthantheoriginal.
We canclearlyseeexactly what it is doing: we’re filtering a list by checkingwhether
somethingis greaterthanzero.Whatarewe checking?The fst element.

While converting to point freestyleoften resultsin clearercode,this is of course
not alwaysthe case. For instance,converting the following map to point free style
yieldssomethingnearlyuninterpretable:

foo = map (\x -> sqrt (3+4*(xˆ2)))
foo = map (sqrt . (3+) . (4*) . (ˆ2))

Thereareahandfulof combinatorsdefinedin thePreludewhichareusefulfor point
freeprogramming:� uncurry takesa functionof type F � � �³² andconvertsit into a functionof

type � F(6r� ���³² . This is useful,for example,whenmappingacrossalist of pairs:

Prelude> map (uncurry (*)) [(1,2),(3,4),(5,6)]
[2,12,30]� curry is theoppositeof uncurry andtakesa functionof type � F(6�� ���³² and

producesa functionof type F � � �³² .� flip reversetheorderof argumentsto a function.Thatis, it takesa functionof
type F � � �³² andproducesa functionof type � � F �³² . For instance,we
cansorta list in reverseorderby usingflip compare :
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Prelude> List.sortBy compare [5,1,8,3]
[1,3,5,8]
Prelude> List.sortBy (flip compare) [5,1,8,3]
[8,5,3,1]

This is thesameassaying:

Prelude> List.sortBy (\a b -> compare b a) [5,1,8,3]
[8,5,3,1]

only shorter.

Of course,notall functionscanbewritten in point freestyle.For instance:

square x = x*x

Cannotbewrittenin pointfreestyle,withoutsomeothercombinators.For instance,
if we candefineotherfunctions,wecanwrite:

pair x = (x,x)
square = uncurry (*) . pair

But in thiscase,this is not terribly useful.

Exercises
Exercise23 Convert thefollowing functionsinto point-freestyle,if possible.

func1 x l = map (\y -> y*x) l

func2 f g l = filter f (map g l)

func3 f l = l ++ map f l

func4 l = map (\y -> y+2)
(filter (\z -> z ‘elem‘ [1..10])

(5:l))

func5 f l = foldr (\x y -> f (y,x)) 0 l

You mighthavebeentemptedto try to write func2 as filter f . map, trying
to eta-reduceoff the g. In this case,this isn’t possible. This is becausethe function
compositionoperator (. ) hastype � � �³²/����� F � � ����� F �´²� . In thiscase,we’re
trying to usemap as thesecondargument.But map takestwo arguments,while (.)
expectsa functionwhich takesonly one.
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7.4 Pattern Matching

Patternmatchingis oneof themostpowerful featuresof Haskell(andmostfunctional
programminglanguages).It is mostcommonlyusedin conjunctionwith caseexpres-
sions,which we have alreadyseenin Section3.5. Let’s returnto our Ch~�� ~() example
from Section4.5. I’ll repeatthedefinitionwealreadyhadfor thedatatype:

data Color
= Red
| Orange
| Yellow
| Green
| Blue
| Purple
| White
| Black
| Custom Int Int Int -- R G B components
deriving (Show,Eq)

Wethenwantto write a functionthatwill convertbetweensomethingof type Ch~�� ~()
anda triple of |-,' s,which correspondto theRGB values,respectively. Specifically, if
we seea Ch~�� ~() which is Red, we want to return(255,0,0) , sincethis is theRGB
valuefor red. Sowe write that (rememberthatpiecewise functiondefinitionsarejust
casestatements):

colorToRGB Red = (255,0,0)

If we seea Ch~�� ~() which is Orange , we wantto return(255,128,0) ; andif we
seeYellow , wewantto return(255,255,0) , andsoon. Finally, if weseeacustom
color, which is comprisedof threecomponents,we wantto makea triple out of these,
sowe write:

colorToRGB Orange = (255,128,0)
colorToRGB Yellow = (255,255,0)
colorToRGB Green = (0,255,0)
colorToRGB Blue = (0,0,255)
colorToRGB Purple = (255,0,255)
colorToRGB White = (255,255,255)
colorToRGB Black = (0,0,0)
colorToRGB (Custom r g b) = (r,g,b)

Then,in our interpreter, if we type:

Color> colorToRGB Yellow
(255,255,0)
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What is happeningis this: we createa value,call it @ , which hasvalueRed. We
thenapply this to colorToRGB . We checkto seeif we can“match” @ againstRed.
This matchfails becauseaccordingto thedefinitionof 021�Ch~�� ~() , Red is not equalto
Yellow . We continuedown thedefinitionsof colorToRGB andtry to matchYel-
low againstOrange . This fails, too. We thetry to matchYellow againstYellow ,
which succeeds,so we usethis function definition, which simply returnsthe value
(255,255,0) , asexpected.

Supposeinstead,we useda customcolor:

Color> colorToRGB (Custom 50 200 100)
(50,200,100)

We apply the samematchingprocess,failing on all valuesfrom Red to Black .
We thenget to try to matchCustom 50 200 100 againstCustom r g b. We
canseethattheCustom partmatches,sothenwe go seeif thesubelementsmatch.In
thematching,thevariablesr , g andb areessentiallywild cards,sothereis no trouble
matchingr with 50,g with 200andb with 100.As a “side-effect” of thismatching,r
getsthevalue50, g getsthevalue200andb getsthevalue100. So theentirematch
succeededandwe look at thedefinitionof this partof the functionandbundleup the
triple usingthematchedvaluesof r , g andb.

Wecanalsowrite a functionto checkto seeif a Color is a customcolor or not:

isCustomColor (Custom _ _ _) = True
isCustomColor _ = False

Whenwe apply a valueto isCustomColor it tries to matchthat valueagainst
Custom . This matchwill succeedif thevalueis Custom x y z for any x ,
y andz . The (underscore)characteris a“wildcard” andwill matchanything,but will
not do the binding thatwould happenif you put a variablenamethere. If this match
succeeds,thefunctionreturnsTrue ; however, if thismatchfails, it goesonto thenext
line, which will matchanything andthenreturnFalse .

For somereasonwemightwantto definea functionwhich tells uswhethera given
color is “bright” or not,wheremy definitionof “bright” is thatoneof its RGB compo-
nentsis equalto 255(admittedlyandarbitrarydefinition,but it’ ssimply anexample).
We coulddefinethis functionas:

isBright = isBright’ . colorToRGB
where isBright’ (255,_,_) = True

isBright’ (_,255,_) = True
isBright’ (_,_,255) = True
isBright’ _ = False

Let’s dwell on this definition for a second.The isBright function is the com-
positionof our previously definedfunctioncolorToRGB anda helperfunction is-
Bright’ , which tells us if a givenRGB valueis bright or not. We couldreplacethe
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first line herewith isBright c = isBright’ (colorToRGB c) but thereis
noneedtoexplicitly write theparameterhere,sowedon’t. Again,thisfunctioncompo-
sitionstyleof programmingtakessomegettingusedto, soI will try to useit frequently
in this tutorial.

TheisBright’ helperfunctiontakestheRGBtripleproducedbycolorToRGB .
It first tries to matchit against(255, , ) which succeedsif thevaluehas255in its
first position. If this matchsucceeds,isBright’ returnsTrue andso doesis-
Bright . Thesecondandthird line of definitioncheckfor 255in thesecondandthird
positionin thetriple, respectively. Thefourth line, thefallthrough, matcheseverything
elseandreportsit asnotbright.

Wemightwantto alsowrite a functionto convertbetweenRGBtriplesand Ch~�� ~() s.
We couldsimplestick everythingin a Custom constructor, but this would defeatthe
purpose;we wantto usetheCustom slot only for valueswhich don’t matchthepre-
definedcolors. However, we don’t want to allow theuserto constructcustomcolors
like (600,-40,99)sincetheseareinvalid RGB values.We could throw anerror if such
a value is given, but this can be difficult to dealwith. Instead,we usethe Maybe
datatype.This is defined(in thePrelude)as:

data Maybe a = Nothing
| Just a

Theway we usethis is asfollows: our rgbToColor function returnsa valueof
type Maybe Color . If the RGB valuepassedto our function is invalid, we return
Nothing , which correspondsto a failure. If, on the otherhand,the RGB valueis
valid, we createtheappropriateCh~�� ~() valueandreturnJust that. Thecodeto do this
is:

rgbToColor 255 0 0 = Just Red
rgbToColor 255 128 0 = Just Orange
rgbToColor 255 255 0 = Just Yellow
rgbToColor 0 255 0 = Just Green
rgbToColor 0 0 255 = Just Blue
rgbToColor 255 0 255 = Just Purple
rgbToColor 255 255 255 = Just White
rgbToColor 0 0 0 = Just Black
rgbToColor r g b =

if 0 <= r && r <= 255 &&
0 <= g && g <= 255 &&
0 <= b && b <= 255

then Just (Custom r g b)
else Nothing -- invalid RGB value

Thefirst eight linesmatchtheRGB argumentsagainstthepredefinedvaluesand,
if they match, rgbToColor returnsJust the appropriatecolor. If noneof these
matches,thelastdefinitionof rgbToColor matchesthefirst argumentagainstr , the
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secondagainstg andthethird againstb (which causestheside-effect of bindingthese
values).It thenchecksto seeif thesevaluesarevalid (eachis greaterthanor equalto
zeroandlessthanor equalto 255). If so,it returnsJust (Custom r g b) ; if not,
it returnsNothing correspondingto aninvalid color.

Usingthis,wecanwrite a functionthatchecksto seeif a right RGB valueis valid:

rgbIsValid = rgbIsValid’ . rgbToColor
where rgbIsValid’ (Just _) = True

rgbIsValid’ _ = False

Here,wecomposethehelperfunctionrgbIsValid’ with our functionrgbTo-
Color . Thehelperfunctionchecksto seeif the valuereturnedby rgbToColor is
Just anything (thewildcard). If so, it returnsTrue . If not, it matchesanything and
returnsFalse .

Patternmatchingisn’t magic,though.You canonly matchagainstdatatypes;you
cannotmatchagainstfunctions.For instance,thefollowing is invalid:

f x = x + 1

g (f x) = x

Even thoughthe intendedmeaningof g is clear(i.e., g x = x - 1), the com-
piler doesn’t know in generalthatf hasaninversefunction,soit can’t performmatches
like this.

7.5 Guards

Guardscanbethoughtof asanextensionto thepatternmatchingfacility. They enable
you to allow piecewise functiondefinitionsto betakenaccordingto arbitraryboolean
expressions.Guardsappearafterall argumentsto a functionbut beforetheequalssign,
andarebegunwith a verticalbar —. We coulduseguardsto write a simplefunction
which returnsa stringtelling you theresultof comparingtwo elements:

comparison x y | x < y = "The first is less"
| x > y = "The second is less"
| otherwise = "They are equal"

You canreadtheverticalbaras“suchthat.” Sowe saythatthevalueof compar-
ison x y “such that” x is lessthany is “The first is less.” The valuesuchthat x
is greaterthany is “The secondis less”andthevalueotherwise is “They areequal”.
The keyword otherwise is simply definedto be equalto True andthusmatches
anything thatfalls throughthatfar. So,we canseethatthisworks:
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Guards> comparison 5 10
"The first is less"
Guards> comparison 10 5
"The second is less"
Guards> comparison 7 7
"They are equal"

Onething to noteaboutguardsis thatthey aretestedafter patternmatching,not in
conjunctionwith patternmatching.Thismeansthatoncea patternmatches,if noneof
theguardssucceed,furtherpatternmatcheswill notbeattempted.So,if wehadinstead
defined:

comparison2 x y | x < y = "The first is less"
| x > y = "The second is less"

comparison2 _ _ = "They are equal"

Theintentionwould bethatif bothof theguardsfailed, it would “fall through”to
thefinal matchandsaythatthey wereequal.This is notwhathappens,though.

Guards> comparison2 7 7
*** Exception: Guards.hs:8: Non-exhaustive patterns

in function comparison2

If we think aboutwhat is happeningin thecompiler this makessense.Whenwe
apply two sevensto comparison2 , they arematchedagainstx andy , which suc-
ceedsandthe valuesarebound. Patternmatchingthenstopscompletely, sinceit has
succeeded.The guardsarethenactivatedandx andy arecompared.Neitherof the
guardssucceeds,soanerroris raised.

Onenicetyaboutguardsis thatwhereclausesarecommonto all guards.Soanother
possibledefinitionfor our isBright functionfrom theprevioussectionwouldbe:

isBright2 c | r == 255 = True
| g == 255 = True
| b == 255 = True
| otherwise = False

where (r,g,b) = colorToRGB c

The function is equivalent to the previous version,but performsits calculation
slightly differently. It takesa color, c , andappliescolorToRGB to it, yielding an
RGBtriple which is matched(usingpatternmatching!)against(r,g,b) . Thismatch
succeedsandthevaluesr , g andb areboundto their respectivevalues.Thefirst guard
checksto seeif r is 255and,if so, returnstrue. Thesecondandthird guardcheckg
andb against255,respectively andreturntrueif they match.Thelastguardfiresasa
lastresortandreturnsFalse .
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7.6 InstanceDeclarations

In orderto declarea typeto beaninstanceof a class,you needto provide aninstance
declarationfor it. Most classesprovide what’scalleda “minimal completedefinition.”
This meansthe functionswhich must be implementedfor this classin order for its
definition to be satisfied.Onceyou’ve written thesefunctionsfor your type,you can
declareit aninstanceof theclass.

7.6.1 The Eq Class

The 021 classhastwo members(i.e., two functions):

(==) :: Eq a => a -> a -> Bool
(/=) :: Eq a => a -> a -> Bool

Thefirst of thesetypesignaturesreadsthatthefunction== is afunctionwhichtakes
two F swhicharemembersof 0a1 andproducesa Bool . Thetypesignatureof /= (not
equal)is identical.A minimal completedefinitionfor the 021 classrequiresthateither
oneof thesefunctionsbedefined(if youdefine==, then/= is definedautomaticallyby
negatingtheresultof ==, andvice versa).Thesedeclarationsmustbeprovidedinside
theinstancedeclaration.

This is bestdemonstratedby example. Supposewe have our color example,re-
pededherefor convenience:

data Color
= Red
| Orange
| Yellow
| Green
| Blue
| Purple
| White
| Black
| Custom Int Int Int -- R G B components

Wecandefine Ch~�� ~() to beaninstanceof 021 by thefollowing declaration:

instance Eq Color where
Red == Red = True
Orange == Orange = True
Yellow == Yellow = True
Green == Green = True
Blue == Blue = True
Purple == Purple = True
White == White = True



88 CHAPTER7. ADVANCED FEATURES

Black == Black = True
(Custom r g b) == (Custom r’ g’ b’) =

r == r’ && g == g’ && b == b’
_ == _ = False

Thefirst line herebeginswith thekeyword instancetelling thecompilerthatwe’re
making an instancedeclaration. It thenspecifiesthe class, 021 , and the type, Ch~�� ~()
which is going to be an instanceof this class.Following that, there’s thewhere key-
word. Finally there’s themethoddeclaration.

Thefirst eightlinesof themethoddeclarationarebasicallyidentical.Thefirst one,
for instance,saysthat the valueof the expressionRed == Red is equalto True .
Linestwo througheightareidentical.Thedeclarationfor customcolorsis a bit differ-
ent.We patternmatchCustom on bothsidesof ==. On theleft handside,we bind r ,
g andb to thecomponents,respectively. On theright handside,we bind r’ , g’ and
b’ to the components.We thensaythat thesetwo customcolorsareequalprecisely
whenr == r’ , g == g’ andb == b’ areall equal.Thefallthroughsaysthatany
pair we haven’t previouslydeclaredasequalareunequal.

7.6.2 The Show Class

The ���E��� classis usedto display arbitraryvaluesas strings. This classhasthree
methods:

show :: Show a => a -> String
showsPrec :: Show a => Int -> a -> String -> String
showList :: Show a => [a] -> String -> String

A minimal completedefinitionis eithershow or showsPrec (we will talk about
showsPrec later – it’ s in there for efficiency reasons). We can defineour Ch~�� ~()
datatypeto beaninstanceof ���E��� with thefollowing instancedeclaration:

instance Show Color where
show Red = "Red"
show Orange = "Orange"
show Yellow = "Yellow"
show Green = "Green"
show Blue = "Blue"
show Purple = "Purple"
show White = "White"
show Black = "Black"
show (Custom r g b) =

"Custom " ++ show r ++ " " ++
show g ++ " " ++ show b

This declarationspecifiesexactly how to convert valuesof type Ch~�� ~() to &('�)�*-,. s.
Again, thefirst eight linesareidenticalandsimply takea Ch~�� ~() andproducea string.



7.6. INSTANCE DECLARATIONS 89

Thelastline for handlingcustomcolorsmatchesout theRGBcomponentsandcreates
a string by concattenatingthe result of show ing the componentsindividually (with
spacesin betweenand“Custom”at thebeginning).

7.6.3 Other Important Classes

Thereareafew otherimportantclasseswhich I will mentionbriefly becauseeitherthey
arecommonlyusedor becausewewill beusingthemshortly. I won’t provideexample
instancedeclarations;how you cando thisshouldbeclearby now.

The Ord Class

Theorderingclass,thefunctionsare:

compare :: Ord a => a -> a -> Ordering
(<=) :: Ord a => a -> a -> Bool
(>) :: Ord a => a -> a -> Bool
(>=) :: Ord a => a -> a -> Bool
(<) :: Ord a => a -> a -> Bool
min :: Ord a => a -> a -> a
max :: Ord a => a -> a -> a

Thealmostany of the functionsaloneis a minimal completedefinition; it is rec-
ommendedthat you implementcompare if you implementonly one,though. This
functionreturnsavalueof type ¢\)µª?�!)+*-,/. which is definedas:

data Ordering = LT | EQ | GT

So,for instance,weget:

Prelude> compare 5 7
LT
Prelude> compare 6 6
EQ
Prelude> compare 7 5
GT

In orderto declareatypeto beaninstanceof «S¬? youmustalreadyhave declared
it an instanceof 0a1 (in otherwords, «�¬? is a subclassof 0a1 – moreaboutthis in
Section8.4).

The EnumClass

The 0N¶{�H� classis for enumeratedtypes;that is, for typeswhereeachelementhasa
successoranda predecessor. It’ smethodsare:
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pred :: Enum a => a -> a
succ :: Enum a => a -> a
toEnum :: Enum a => Int -> a
fromEnum :: Enum a => a -> Int
enumFrom :: Enum a => a -> [a]
enumFromThen :: Enum a => a -> a -> [a]
enumFromTo :: Enum a => a -> a -> [a]
enumFromThenTo :: Enum a => a -> a -> a -> [a]

The minimal completedefinition containsboth toEnum and fromEnum , which
converts from andto |-,' s. The pred andsucc functionsgive the predecessorand
successor, respectively. Theenum functionsenumeratelistsof elements.For instance,
enumFrom x listsall elementsafterx ; enumFromThen x step listsall elements
startingat x in stepsof sizestep . TheTo functionsendtheenumerationat thegiven
element.

The NumClass

The �·�E� classprovidesthestandardarithmeticoperations:

(-) :: Num a => a -> a -> a
(*) :: Num a => a -> a -> a
(+) :: Num a => a -> a -> a
negate :: Num a => a -> a
signum :: Num a => a -> a
abs :: Num a => a -> a
fromInteger :: Num a => Integer -> a

All of theseareobvious except for perhapsnegate which is the unary minus.
Thatis, negate x means� @ .

The Read Class

The ¸>¹(º< classis theoppositeof the ���E��� class.It is away to takeastringandread
in from it avalueof arbitrarytype.Themethodsfor ¸>¹(º< are:

readsPrec :: Read a => Int -> String -> [(a, String)]
readList :: String -> [([a], String)]

The minimal completedefinition is readsPrec . The most importantfunction
relatedto this is read , which usesreadsPrec as:

read s = fst (head (readsPrec 0 s))
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This will fail if parsingthestringfails. You coulddefinea maybeRead function
as:

maybeRead s =
case readsPrec 0 s of

[(a,_)] -> Just a
_ -> Nothing

How to write andusereadsPrec directly will bediscussedfurther in theexam-
ples.

7.6.4 ClassContexts

Supposewe aredefinition the ¯SF�»7�I� datatypefrom scratch.Thedefinition would be
somethinglike:

data Maybe a = Nothing
| Just a

Now, whenwego to write theinstancedeclarations,for, say, 021 , we needto know
that F is aninstanceof 021 otherwisewe can’t write a declaration.Weexpressthis as:

instance Eq a => Eq (Maybe a) where
Nothing == Nothing = True
(Just x) == (Just x’) == x == x’

This first line canberead“That F is an instanceof 021 implies(=>) that ¯�Fr»?�I�NF
is aninstanceof 021 .”

7.6.5 Deriving Classes

Writing obvious 021 , «�¬? , ¸¼¹Rº� and �h�H��� classeslike theseis tediousandshouldbe
automated.Luckily for us,it is. If youwrite adatatypethat’s“simpleenough”(almost
any datatypeyou’ll write unlessyou startwriting fixedpoint types),thecompilercan
automaticallyderive someof the most basicclasses.To do this, you simply adda
deriving clauseto afterthedatatypedeclaration,asin:

data Color
= Red
| ...
| Custom Int Int Int -- R G B components
deriving (Eq, Ord, Show, Read)

Thiswill automaticallycreateinstancesof the Ch~�� ~() datatypeof thenamedclasses.
Similarly, thedeclaration:
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data Maybe a = Nothing
| Just a
deriving (Eq, Ord, Show Read)

derivestheseclassesjustwhen F is appropriate.
All in all, you areallowed to derive instancesof 021 , «S¬? , 0[¶x�E� , ½°�<�E¶�{¹B ,���E��� and ¸>¹(º< . Thereis considerablework in theareaof “polytypic programming”

or “genericprogramming”which, amongotherthings,would allow for instancedec-
larationsfor any classto be derived. This is muchbeyond the scopeof this tutorial;
instead,I referyou to theliterature.

7.7 DatatypesRevisited

I know by this point you’re probablyterribly tired of hearingaboutdatatypes.They
are,however, incrediblyimportant,otherwiseI wouldn’t devotesomuchtime to them.
Datatypesoffer a sort of notationalconvenienceif you have, for instance,a datatype
thatholdsmany many values.Thesearecallednamedfields.

7.7.1 NamedFields

Considera datatypewhosepurposeis to hold configurationsettings. Usually when
you extractmembersfrom this type,you really only careaboutoneor possiblytwo of
the many settings.Moreover, if many of the settingshave the sametype, you might
oftenfind yourselfwondering“wait, wasthis the fourth or fifth element?”Onething
you coulddo would be to write accessorfunctions. Considerthe following made-up
configurationtypefor a terminalprogram:

data Configuration =
Configuration String -- user name

String -- local host
String -- remote host
Bool -- is guest?
Bool -- is super user?
String -- current directory
String -- home directory
Integer -- time connected

deriving (Eq, Show)

You couldthenwrite accessorfunctions,like (I’ veonly listeda few):

getUserName (Configuration un _ _ _ _ _ _ _) = un
getLocalHost (Configuration _ lh _ _ _ _ _ _) = lh
getRemoteHost (Configuration _ _ rh _ _ _ _ _) = rh
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getIsGuest (Configuration _ _ _ ig _ _ _ _) = ig
...

You couldalsowrite updatefunctionsto updatea singleelement.Of course,now
if you addanelementto theconfiguration,or remove one,all of thesefunctionsnow
have to takea differentnumberof arguments.This is highly annoyingandis an easy
placefor bugsto slip in. However, there’s a solution. We simply give namesto the
fieldsin thedatatypedeclaration,asfollows:

data Configuration =
Configuration { username :: String,

localhost :: String,
remotehost :: String,
isguest :: Bool,
issuperuser :: Bool,
currentdir :: String,
homedir :: String,
timeconnected :: Integer

}

Thiswill automaticallygeneratethefollowing accessorfunctionsfor us:

username :: Configuration -> String
localhost :: Configuration -> String
...

Moreover, it givesus very convenientupdatemethods. Here is a shortexample
for a “post working directory” and “changedirectory” like functions that work onCh~�,r¾B.��?)�F/'T* ~�, s:

changeDir :: Configuration -> String -> Configuration
changeDir cfg newDir =

-- make sure the directory exists
if directoryExists newDir

then -- change our current directory
cfg{currentdir = newDir}

else error "directory does not exist"

postWorkingDir :: Configuration -> String
-- retrieve our current directory

postWorkingDir cfg = currentdir cfg

So,in general,to updatethefield x in a datatype» to z , you write y l x=z m . You
canchangemorethanone;eachshouldbeseparatedby commas,for instance,y l x=z,
a=b, c=d m .
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You can of coursecontinueto patternmatchagainst Ch~�,r¾�.��?)�F/'T* ~�, s as you did
before.Thenamedfieldsaresimplysyntacticsugar;youcanstill write somethinglike:

getUserName (Configuration un _ _ _ _ _ _ _) = un

But thereis little reasonto. Finally, you canpatternmatchagainstnamedfieldsas
in:

getHostData (Configuration {localhost=lh,remotehost=rh})
= (lh,rh)

This matchesthevariablelh againstthe localhost field on the Ch~�,�¾�.��?)�F/'T* ~�,
and the variable rh againstthe remotehost field on the Ch~�,r¾�.��?)�F/'T* ~�, . These
matchesof coursesucceed.You could alsocontstringthe matchesby putting values
insteadof variablenamesin thesepositions,asyou wouldfor standarddatatypes.

Youcancreatevaluesof Ch~�,r¾B.��?)�F/'T* ~�, in theoldwayasshownin thefirstdefinition
below, or in thenamed-fieldstype,asshown in theseconddefinitionbelow:

initCFG =
Configuration "nobody" "nowhere" "nowhere"

False False "/" "/" 0
initCFG’ =

Configuration
{ username="nobody",

localhost="nowhere",
remotehost="nowhere",
isguest=False,
issuperuser=False,
currentdir="/",
homedir="/",
timeconnected=0 }

Thoughthe secondis probablymuchmoreunderstandableunlessyou litter your
codewith comments.

7.8 Mor eLists

todo: putsomethinghere

7.8.1 Standard List Functions

Recallthatthedefinitionof thebuilt-in Haskelllist datatypeis equivalentto:

data List a = Nil
| Cons a (List a)
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With theexceptionthatNil is called[] andCons x xs is calledx:xs . This is
simply to makepatternmatchingeasierandcodesmaller. Let’s investigatehow some
of the standardlist functionsmay be written. Considermap. A definition is given
below:

map _ [] = []
map f (x:xs) = f x : map f xs

Here,thefirst line saysthatwhenyoumapacrossanemptylist, nomatterwhatthe
functionis, yougetanemptylist back.Thesecondline saysthatwhenyoumapacross
a list with x astheheadandxs asthetail, theresultis f appliedto x consedontothe
resultof mappingf on xs .

Thefilter canbedefinedsimilarly:

filter _ [] = []
filter p (x:xs) | p x = x : filter p xs

| otherwise = filter p xs

How this works shouldbe clear. For an emptylist, we returnan emptylist. For
a non empty list, we returnthe filter of the tail, perhapswith the headon the front,
dependingonwhetherit satisfiesthepredicatep or not.

Wecandefinefoldr as:

foldr _ z [] = z
foldr f z (x:xs) = f x (foldr f z xs)

Here, the bestinterpretationis that we are replacingthe empty list ([] ) with a
particularvalueandthe list constructor(: ) with somefunction. On thefirst line, we
canseethereplacementof [] for z . Usingbackquotesto makef infix, we canwrite
thesecondline as:

foldr f z (x:xs) = x ‘f‘ (foldr f z xs)

Fromthis,wecandirectly seehow : is beingreplacedby f .
Finally, foldl :

foldl _ z [] = z
foldl f z (x:xs) = foldl f (f z x) xs

This is slightly morecomplicated.Remember, z canbethoughtof asthecurrent
state. So if we’re folding acrossa list which is empty, we simply returnthe current
state.Ontheotherhand,if thelist is notempty, it’ sof theform x:xs . In thiscase,we
get a new stateby appling f to thecurrentstatez andthecurrentlist elementx and
thenrecursively call foldl onxs with thisnew state.

Thereis anotherclassof functions:thezip andunzip functions,which respec-
tively take multiple lists and makeone or take one lists and split them apart. For
instance,zip doesthefollowing:
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Prelude> zip "hello" [1,2,3,4,5]
[(’h’,1),(’e’,2),(’l’,3),(’l’,4), (’o’,5)]

Basically, it pairsthefirst elementsof bothlists andmakesthatthefirst elementof
thenew list. It thenpairsthesecondelementsof bothlists andmakesthat thesecond
element,etc. What if the lists have unequallength? It simply stopswhentheshorter
onestops.A reasonabledefinitionfor zip is:

zip [] _ = []
zip _ [] = []
zip (x:xs) (y:ys) = (x,y) : zip xs ys

Theunzip function doesthe opposite.It takesa zippedlist andreturnsthe two
“original” lists:

Prelude> unzip [(’f’,1),(’o’,2),(’o’,3)]
("foo",[1,2,3])

Thereare a whole slew of zip andunzip functions,namedzip3 , unzip3 ,
zip4 , unzip4 andsoon; the ...3 functionsusetriples insteadof pairs;the ...4
functionsuse4-tuples,etc.

Finally, the function take takesan integer n and a list and returnsthe first n
elementsoff the list. Correspondingly, drop takesan integer n anda list andreturns
theresultof throwing away thefirst n elementsoff thelist. Neitherof thesefunctions
producesanerror; if n is too large,they bothwill just returnshorterlists.

7.8.2 List Comprehensions

Thereis somesyntacticsugarfor dealingwith listswhoseelementsaremembersof the0N¶x�E� class(seeSection7.6),suchas |-,/' or CEDGF!) . If wewantto createa list of all the
elementsfrom 4 to 45 , wecansimply write:

Prelude> [1..10]
[1,2,3,4,5,6,7,8,9,10]

Wecanalsointroduceanamountto stepby:

Prelude> [1,3..10]
[1,3,5,7,9]
Prelude> [1,4..10]
[1,4,7,10]

Theseexpressionsareshorthandfor enumFromTo andenumFromThenTo , re-
spectively. Of course,you don’t needto specifyan upperbound. Try the following
(but bereadyto hit Control+Cto stopthecomputation!):
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Prelude> [1..]
[1,2,3,4,5,6,7,8,9,10,11,12{Inte rrupted!}

Probablyyoursprintedafew thousandmoreelementsthanthis. As we saidbefore,
Haskellis lazy. Thatmeansthatalist of all numbersfrom 1 onis perfectlywell formed
andthat’s exactly what this list is. Of course,if you attemptto print the list (which
we’re implicitly doing by typing it in the interpreter),it won’t halt. But if we only
evaluateaninitial segmentof this list, we’refine:

Prelude> take 3 [1..]
[1,2,3]
Prelude> take 3 (drop 5 [1..])
[6,7,8]

This comesin useful if, say, we want to assignan ID to eachelementin a list.
Without lazinesswe’d have to write somethinglike this:

assignID :: [a] -> [(a,Int)]
assignID l = zip l [1..length l]

Which meansthat the list will be traversedtwice. However, becauseof laziness,
we cansimplywrite:

assignID l = zip l [1..]

And we’ll getexactly whatwe want.Wecanseethatthisworks:

Prelude> assignID "hello"
[(’h’,1),(’e’,2),(’l’,3),(’l’,4) ,(’o’,5)]

Finally, thereis someusefulsyntacticsugarfor mapandfilter , basedon stan-
dardset-notationin mathematics.In math,we would write somethinglike lG^ � @ �¿ @sÀÁhÂa�x� @ � m to meanthesetof all valuesof ^ whenappliedto elementsof Á whichsatisfy� . Thisis equivalentto theHaskellstatementmap f (filter p s) . However, we
canalsousemoremath-likenotationandwrite [f x | x <- s, p x] . While in
math the orderingof the statementson the side after the pipe is free, it is not so in
Haskell.We couldnot have putp x beforex <- s otherwisethecompilerwouldn’t
know yet what x was. We canusethis to do simplestring processing.Supposewe
wantto takeastring,remove all thelower-caselettersandconvert therestof theletters
to uppercase.Wecoulddo this in eitherof thefollowing two equivalentways:

Prelude> map toLower (filter isUpper "Hello World")
"hw"
Prelude> [toLower x | x <- "Hello World", isUpper x]
"hw"
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Thesetwo areequivalent,and,dependingon theexact functionsyou’reusing,one
mightbemorereadablethantheother. There’smoreyoucandohere,though.Suppose
you wantto createa list of pairs,onefor eachpoint between(0,0)and(5,7)below the
diagonal.Doing thismanuallywith listsandmapswouldbecumbersomeandpossibly
difficult to read.It couldn’t beeasierwith list comprehensions:

Prelude> [(x,y) | x <- [1..5], y <- [x..7]]
[(1,1),(1,2),(1,3),(1,4),(1,5),(1 ,6),(1,7),( 2,2),(2,3),
(2,4),(2,5),(2,6),(2,7),(3,3),(3, 4),(3,5),(3 ,6),(3,7),
(4,4),(4,5),(4,6),(4,7),(5,5),(5, 6),(5,7)]

If you reversethe order of the x <- andy <- clauses,the order in which the
spaceis traversedwill be reversed(of course,in that case,y couldno longerdepend
on x andyou wouldneedto makex dependon y but this is trivial).

7.9 Arrays

Lists arenicefor many things.It is easyto addelementsto thebeginningof themand
to manipulatethemin variouswaysthatchangethelengthof thelist. However, they are
badfor randomaccess,having averagecomplexity Ã �Knh� to accessanarbitraryelement
(if you don’t know what Ã � 3/33 � means,you caneitherignoreit or takea quick detour
and readAppendixA, a two-pageintroductionto complexity theory). So, if you’re
willing to give up fast insertionanddeletionbecauseyou needrandomaccess,you
shouldusearraysinsteadof lists.

In orderto usearraysyou mustimport theArray module.Therearea few meth-
odsfor creatingarrays,thearray function,the listArray function,andtheac-
cumArray function. Thearray functiontakesa pair which is theboundsof thear-
ray, andanassociationlist whichspecifiestheinitial valuesof thearray. ThelistAr-
ray functiontakesboundsandthensimplyalist of values.Finally, theaccumArray
function takesan accumulationfunction, an initial valueandan associationlist and
accumulatespairsfrom thelist into thearray. Herearesomeexamplesof arraysbeing
created:

Arrays> array (1,5) [(i,2*i) | i <- [1..5]]
array (1,5) [(1,2),(2,4),(3,6),(4,8),(5,10)]
Arrays> listArray (1,5) [3,7,5,1,10]
array (1,5) [(1,3),(2,7),(3,5),(4,1),(5,10)]
Arrays> accumArray (+) 2 (1,5) [(i,i) | i <- [1..5]]
array (1,5) [(1,3),(2,4),(3,5),(4,6),(5,7)]

Whenarraysareprintedout (via theshow function),they areprintedwith anasso-
ciationlist. For instance,in thefirst example,theassociationlist saysthatthevalueof
thearrayat 4 is 8 , thevalueof thearrayat 8 is

P
, andsoon.

You canextractanelementof anarrayusingthe ! function,which takesanarray
andanindex, asin:
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Arrays> (listArray (1,5) [3,7,5,1,10]) ! 3
5

Moreover, you canupdateelementsin thearrayusingthe // function. This takes
anarrayandanassociationlist andupdatesthepositionsspecifiedin thelist:

Arrays> (listArray (1,5) [3,7,5,1,10]) //
[(2,99),(3,-99)]

array (1,5) [(1,3),(2,99),(3,-99),(4,1),(5,10)]

Therearea few otherfunctionswhich areof interest:
bounds returnstheboundsof anarray
indices returnsa list of all indicesof thearray
elems returnsa list of all thevaluesin thearrayin order
assocs returnsanassociationlist for thearray

If we define arr to be listArray (1,5) [3,7,5,1,10] , the result of
thesefunctionsappliedto arr are:

Arrays> bounds arr
(1,5)
Arrays> indices arr
[1,2,3,4,5]
Arrays> elems arr
[3,7,5,1,10]
Arrays> assocs arr
[(1,3),(2,7),(3,5),(4,1),(5,10)]

Note that while arraysare Ã � 4 � access,they are not Ã � 4 � update. They are in
fact Ã ��nh� update,sincein orderto maintainpurity, thearraymustbecopiedin orderto
makeanupdate.Thus,functionalarraysareprettymuchonly usefulwhenyou’refilling
themup onceandthenonly reading. If you needfastaccessandupdate,you should
probablyuseFiniteMap s, which arediscussedin Section7.10andhave Ã ��ÄµÅ?Æ�nh�
accessandupdate.

7.10 Finite Maps

The ®(*-,G* '"�?¯SF7Ç datatype(whichis availablein theFiniteMap module,orData.FiniteMap
modulein thehierarchicallibraries)is a purelyfunctionalimplementationof balanced
trees.Finite mapscanbe comparedto lists arearraysin termsof the time it takesto
performvariousoperationson thosedatatypesof a fixed size, n . A brief comparison
is:
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List Array FiniteMap
insert Ã � 4 � Ã �Knh� Ã �ÈÄ�Å7Æ�nh�
update Ã �Knh� Ã �Knh� Ã �ÈÄ�Å7Æ�nh�
delete Ã �Knh� Ã �Knh� Ã �ÈÄ�Å7Æ�nh�
find Ã �Knh� Ã � 4 � Ã �ÈÄ�Å7Æ�nh�
map Ã �Knh� Ã �Knh� Ã ��naÄµÅ?Æ�nh�

As we cansee,lists provide fast insertion(but slow everythingelse),arrayspro-
vide fast lookup (but slow everything else)andfinite mapsprovide moderatelyfast
everything(exceptmapping,which is abit slower thanlists or arrays).

The typeof a finite mapis for the form ®R*-,I* '"�?¯�F7Ç7É%��»r�I� ' where É���» is the typeof
thekeysand �!� ' is thetypeof theelements.That is, finite mapsarelookuptablesfrom
type É���» to type �I� ' .

Thebasicfinite mapfunctionsare:

emptyFM :: FiniteMap key elt
addToFM :: FiniteMap key elt -> key -> elt ->

FiniteMap key elt
delFromFM :: FiniteMap key elt -> key ->

FiniteMap key elt
elemFM :: key -> FiniteMap key elt -> Bool
lookupFM :: FiniteMap key elt -> key -> Maybe elt

In all thesecases,the type É���» must be an instanceof «S¬? (and hencealso an
instanceof 0a1 ).

Therearealsofunction listToFM and fmToList to convert lists to andfrom
finite maps.Try thefollowing:

Prelude> :m FiniteMap
FiniteMap> let fm = listToFM

[(’a’,5),(’b’,10),(’c’,1),(’d’,2) ]
FiniteMap> let myFM = addToFM fm ’e’ 6
FiniteMap> fmToList fm
[(’a’,5),(’b’,10),(’c’,1),(’d’,2) ]
FiniteMap> fmToList myFM
[(’a’,5),(’b’,10),(’c’,1),(’d’,2) ,(’e’,6)]
FiniteMap> lookupFM myFM ’e’
Just 6
FiniteMap> lookupFM fm ’e’
Nothing

You canalsoexperimentwith theothercommands.Notethatyou cannotshow a
finite map,asthey arenot instancesof �h�E��� :

FiniteMap> show myFM
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<interactive>:1:
No instance for (Show (FiniteMap Char Integer))
arising from use of ‘show’ at <interactive>:1
In the definition of ‘it’: show myFM

In orderto inspecttheelements,youfirst needto usefmToList .

7.11 Layout

7.12 The Final Word on Lists

You arelikely tired of hearingaboutlists at this point, but they areso fundamentalto
Haskell(andreally all of functionalprogramming)that it would beterriblenot to talk
aboutthemsomemore.

It turnsout that foldr is actuallyquite a powerful function: it cancomputean
primitive recursivefunction. A primitive recursive function is essentiallyonewhich primitive recursive
canbecalculatedusingonly “for” loops,but not “while” loops.

In fact,we canfairly easilydefinemap in termsof foldr :

map2 f = foldr (\a b -> f a : b) []

Here,b is theaccumulator(i.e., theresultlist) anda is theelementbeingcurrently
considered.In fact,we cansimplify this definitionthrougha sequenceof steps:

foldr (\a b -> f a : b) []
==> foldr (\a b -> (:) (f a) b) []
==> foldr (\a -> (:) (f a)) []
==> foldr (\a -> ((:) . f) a) []
==> foldr ((:) . f) []

Thisis directlyrelatedto thefactthatfoldr (:) [] is theidentity functionon
lists. Thisis because,asmentionedbefore,foldr f z canbethoughtof asreplacing
the [] in lists by z andthe : by f . In this case,we’re keepingboththesame,soit is
theidentity function.

In fact,you canconvertany functionof thefollowing styleinto a foldr :

myfunc [] = z
myfunc (x:xs) = f x (myfunc xs)

By writing thelastline with f in infix form, thisshouldbeobvious:

myfunc [] = z
myfunc (x:xs) = x ‘f‘ (myfunc xs)
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Clearly, we are just replacing[] with z and : with f . Considerthe filter
function:

filter p [] = []
filter p (x:xs) =

if p x
then x : filter p xs
else filter p xs

This functionalsofollows the form above. Basedon the first line, we canfigure
out thatz is supposedto be [] , just like in themap case.Now, supposethatwe call
theresultof calling filter p xs simplyb, thenwe canrewrite this as:

filter p [] = []
filter p (x:xs) =

if p x then x : b else b

Giventhis,wecantransformfilter into a fold:

filter p = foldr (\a b -> if p a then a:b else b) []

Let’sconsidera slightly morecomplicatedfunction: ++. Thedefinitionfor ++ is:

(++) [] ys = ys
(++) (x:xs) ys = x : (xs ++ ys)

Now, thequestionis whetherwecanwrite this in fold notation.First,wecanapply
etareductionto thefirst line to give:

(++) [] = id

Througha sequenceof steps,we canalsoeta-reducethesecondline:

(++) (x:xs) ys = x : ((++) xs ys)
==> (++) (x:xs) ys = (x:) ((++) xs ys)
==> (++) (x:xs) ys = ((x:) . (++) xs) ys
==> (++) (x:xs) = (x:) . (++) xs

Thus,we getthataneta-reduceddefintionof ++ is:

(++) [] = id
(++) (x:xs) = (x:) . (++) xs

Now, we cantry to put this into fold notation. First, we noticetaht the basecase
converts [] into id . Now, if we assume(++) xs is calledb andx is calleda, we
cangetthefollowingdefinitionin termsof foldr :
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(++) = foldr (\a b -> (a:) . b) id

This actuallymakessenseintuitively. If we only think aboutapplying++ to one
argument,we canthink of it asa function which takesa list andcreatesa function
which, whenapplied,will prependthis list to anotherlist. In thelambdafunction,we
assumewe have a functionb which will do this for therestof thelist andwe needto
createa functionwhich will do this for b aswell asthesingleelementa. In orderto
do this,we first applyb andthenfurtheradda to thefront.

We canfurther reducethis expressionto a point-freestyle throughthe following
sequence:

==> (++) = foldr (\a b -> (a:) . b) id
==> (++) = foldr (\a b -> (.) (a:) b) id
==> (++) = foldr (\a -> (.) (a:)) id
==> (++) = foldr (\a -> (.) ((:) a)) id
==> (++) = foldr (\a -> ((.) . (:)) a) id
==> (++) = foldr ((.) . (:)) id

This final versionis point free, thoughnot necessarilyunderstandable.Presum-
bablytheoriginal versionis clearer.

As a final example,considerconcat . Wecanwrite thisas:

concat [] = []
concat (x:xs) = x ++ concat xs

It shouldbe immediatelyclearthat the z elementfor the fold is [] andthat the
recursive functionis ++, yielding:

concat = foldr (++) []

Exercises
Exercise24 Thefunctionand takesa list of booleansand returnsTrue if andonly
if all of themare True . It alsoreturnsTrue on theemptylist. Write this functionin
termsof foldr .

Exercise25 ThefunctionconcatMap behavessuch thatconcatMap f is thesame
asconcat . map f . Write this functionin termsof foldr .
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Chapter 8

AdvancedTypes

As you’ve probablyascertainedby this point, the type systemis integral to Haskell.
While this chapteris called“AdvancedTypes”, you will probablyfind it to be more
generalthanthatandit mustnotbeskippedsimplybecauseyou’renot interestedin the
typesystem.

8.1 TypeSynonyms

Typesynonymsexist in Haskellsimplyfor convenience:their removal wouldnotmake
Haskellany lesspowerful.

Considerthecasewhenyou areconstantlydealingwith lists of three-dimensional
points.For instance,youmighthaveafunctionwith type �µ� }E~��7�?� �?6/}E~��7�?� �?6/}E~��7�?� � �Ê H� }E~��7�?� � ���µ� }E~��7�?� �?6/}E~��7�?� �?6/}E~��7�?� � �Ê .
Sinceyou area goodsoftwareengineer, you wantto placetypesignatureson all your
top-level functions.However, typing �µ� }E~��?�7� �?6}E~��?�7� �?6}E~��?�7� � �K all thetimegetsvery
tedious.To getaroundthis,you candefineatypesynonym:

type List3D = [(Double,Double,Double)]

Now, thetypesignaturefor yourfunctionsmaybewritten ¦?* §U'TË�} � }E~��7�?� � � ¦?* §U'TË�} .
We shouldnotethat typesynonymscannotbeself-referential.That is, you cannot

have:

type BadType = Int -> BadType

This is becausethis is an “infinite type.” SinceHaskell removes type synonyms
very early on, any instanceof �{F/ª?Ìh»7ÇG� will be replacedby |-,' � �{F/ª?Ìh»7ÇG� , which
will resultin aninfinite loop.

Typesynonymscanalsobeparameterized.For instance,youmightwantto beable
to changethetypesof thepointsin thelist of 3D points.For this,youcoulddefine:

type List3D a = [(a,a,a)]

105
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Thenyourreferencesto ��� }E~��7�?� �?6/}E~��7�?� �?6/}E~��7�?� � �Ê wouldbecome¦?* §T'TË�}�}E~��?�7� � .
8.2 Newtypes

Considertheproblemin whichyouneedto haveatypewhichis verymuchlike |-,' , but
its orderingis defineddifferently. Perhapsyouwish to order |-,' sfirst by evennumbers
thenby oddnumbers(that is, all oddnumbersaregreaterthanany even numberand
within theodd/evensubsets,orderingis standard).

Unfortunately, you cannotdefine a new instanceof «�¬? for |-,' becausethen
Haskell won’t know which one to use. What you want is to definea type which is
isomorphicto |�,/' .

NOTE “Isomorphic” is a commontermin mathematicswhich basi-
cally means“structurallyidentical.” For instance,in graphtheory, if you
have two graphswhich areidenticalexceptthey have differentlabelson
thenodes,they areisomorphic.In our context, two typesareisomorphic
if they have thesameunderlyingstructure.

Oneway to do thiswouldbeto definea new datatype:

data MyInt = MyInt Int

We could thenwrite appropriatecodefor this datatype.Theproblem(andthis is
verysubtle)is thatthis typeis not truly isomorphicto |-,' : it hasonemorevalue.When
wethink of thetype |-,/' , weusuallythink thatit takesall valuesof integers,but it really
hasonemorevalue: ¿ (pronounced“bottom”), whichis usedto representerroneousor
undefinedcomputations.Thus, ¯e»(|-,' hasnot only valuesMyInt 0, MyInt 1 and
soon, but alsoMyInt ¿ . However, sincedatatypescanthemselvesbeundefined,it
hasan additionalvalue: ¿ which differs from MyInt ¿ andthis makesthe types
non-isomorphic.(SeeSection11.1for moreinformationonbottom.)

Disregardingthatsubtlety, theremaybeefficiency issueswith this representation:
now, insteadof simply storingan integer, we have to storea pointerto an integerand
have to follow thatpointerwhenever we needthevalueof a ¯e»(|�,/' .

To getaroundtheseproblems,Haskellhasanewtypeconstruction.A newtypeis a
crossbetweena datatypeanda typesynonym: it hasa constructorlike a datatype,but
it canhave only oneconstructorandthisconstructorcanhave only oneargument.For
instance,we candefine:

newtype MyInt = MyInt Int

But we cannotdefineany of:

newtype Bad1 = Bad1a Int | Bad1b Double
newtype Bad2 = Bad2 Int Double
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Of course,thefact thatwe cannotdefine �xF/ªRÍ asabove is not a big issue:we can
simply definethefollowingby pairingthetypes:

newtype Good2 = Good2 (Int,Double)

Now, supposewe’ve defined ¯e»(|-,' asa newtype. This enablesuseto write our
desiredinstanceof «�¬? as:

instance Ord MyInt where
MyInt i < MyInt j

| odd i && odd j = i < j
| even i && even j = i < j
| even i = True
| otherwise = False
where odd x = (x ‘mod‘ 2) == 0

even = not . odd

Like datatype,wecanstill deriveclasseslike �h�H��� and 021 overnewtypes(in fact,
I’m implicitly assumingwe have derived 021 over ¯°»R|-,/' – whereis my assumptionin
theabove code?).

Moreover, in recentversionsof GHC (seeSection2.2), on newtypes,you areal-
lowedto derive anyclassof which thebasetype(in this case,|-,' ) is an instance.For
example,we couldderive ���E� on ¯°»R|-,/' to provide arithmeticfunctionsover it.

Patternmatchingovernewtypesis exactlyasin datatypes.Wecanwrite constructor
anddestructorfunctionsfor ¯°»R|-,/' asfollows:

mkMyInt i = MyInt i
unMyInt (MyInt i) = i

8.3 Datatypes

We’ve alreadyseendatatypesusedin a variety of contexts. This sectionconcludes
someof the discussionandintroducessomeof the commondatatypesin Haskell. It
alsoprovidesa moretheoreticalunderpinningto whatdatatypesactuallyare.

8.3.1 Strict Fields

Oneof thegreatthingsaboutHaskellis thatcomputationis performedlazily. However,
sometimesthis leadsto inefficiencies.Onewayaroundthisproblemis to usedatatypes
with strict fields. Beforewe talk aboutthe solution, let’s spendsometime to get a
bit morecomfortablewith how bottomworks in to the picture(for moretheory, see
Section11.1).

Supposewe’vedefinedtheunit datatype(thisoneof thesimplestdatatypesyoucan
define):
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data Unit = Unit

This datatypehasexactly oneconstructor, Unit , which takesno arguments.In a
strict languagelike ML, therewouldbeexactly onevalueof type Îc,G* ' : namely, Unit .
This is not quitesoin Haskell.In fact, therearetwo valuesof type Îc,G* ' . Oneof them
is Unit . Theotheris bottom(written ¿ ).

You canthink of bottomasrepresentinga computationwhich won’t halt. For in-
stance,supposewe definethevalue:

foo = foo

This is perfectlyvalid Haskellcodeandsimplysaysthatwhenyouwantto evaluate
foo , all youneedto do is evaluatefoo . Clearlythis is an“infinite loop.”

What is the typeof foo ? Simply F . We cannotsayanything moreaboutit than
that. The fact that foo hastype F in fact tells us that it mustbe an infinite loop (or
someothersuchstrangevalue).However, sincefoo hastype F andthuscanhave any
type,it canalsohave type Îc,G* ' . Wecouldwrite, for instance:

foo :: Unit
foo = foo

Thus,we have found a secondvaluewith type Î�,I* ' . In fact, we have found all
valuesof type Îc,G* ' . Any othernon-terminatingfunctionor error-producingfunction
will have exactly thesameeffect asfoo (thoughHaskellprovidessomemoreutility
with thefunctionerror ).

This mean,for instance,that thereareactuallyfour valueswith type ¯SF�»7�I�ÏÎc,G* ' .
They are: ¿ , Nothing , Just ¿ andJust Unit . However, it couldbe the fact
that you, asa programmer, know that you will never comeacrossthe third of these.
Namely, you wanttheargumentto Just to bestrict. This meansthatif theargument
to Just is bottom,thentheentirestructurebecomesbottom.You useanexclamation
point to specifya constructorasstrict. We candefinea strict versionof ¯�Fr»?�I� as:

data SMaybe a = SNothing | SJust !a

Therearenow only threevaluesof &h¯SF�»7�I� . We canseethedifferenceby writing
thefollwing program:

module Main where

import System

data SMaybe a = SNothing | SJust !a deriving Show
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main = do
[cmd] <- getArgs
case cmd of

"a" -> printJust undefined
"b" -> printJust Nothing
"c" -> printJust (Just undefined)
"d" -> printJust (Just ())

"e" -> printSJust undefined
"f" -> printSJust SNothing
"g" -> printSJust (SJust undefined)
"h" -> printSJust (SJust ())

printJust :: Maybe () -> IO ()
printJust Nothing = putStrLn "Nothing"
printJust (Just x) = do putStr "Just "; print x

printJust :: SMaybe () -> IO ()
printSJust SNothing = putStrLn "Nothing"
printSJust (SJust x) = do putStr "Just "; print x

Here,dependingon whatcommandline argumentis passed,wewill do something
different.Theoutputsfor thevariousoptionsare:

\% ./strict a
Fail: Prelude.undefined

\% ./strict b
Nothing

\% ./strict c
Just
Fail: Prelude.undefined

\% ./strict d
Just ()

\% ./strict e
Fail: Prelude.undefined

\% ./strict f
Nothing

\% ./strict g
Fail: Prelude.undefined
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\% ./strict h
Just ()

The thing worth noting hereis the differencebetweencases“c” and“g”. In the
“c” case,the Just is printed, becausethis is printed before the undefinedvalue is
evaluated. However, in the “g” case,sincethe constructoris strict, as soonas you
matchtheSJust , youalsomatchthevalue.In thiscase,thevalueis undefined,sothe
wholething fails beforeit getsachanceto do anything.

8.4 Classes

We have alreadyencounteredtypeclassesa few times,but only in thecontext of pre-
viously existing typeclasses.This sectionis abouthow to defineyour own. We will
begin thediscussionby talkingaboutPongandthenmoveonto ausefulgeneralization
of computations.

8.4.1 Pong

Thediscussionherewill be motivatedby theconstructionof thegamePong(seeAp-
pendix?? for the full code). In Pong,therearethreethingsdrawn on thescreen:the
two paddlesandtheball. While thepaddlesandtheball aredifferentin a few respects,
they sharemany commonalities,suchasposition,velocity, acceleration,color, shape,
andsoon. We canexpressthesecommonalitiesby defininga classfor Pongentities,
which we call 0N¶{ÐÑKÐ�Ò . We makesucha definitionasfollows:

class Entity a where
getPosition :: a -> (Int,Int)
getVelocity :: a -> (Int,Int)
getAcceleration :: a -> (Int,Int)
getColor :: a -> Color
getShape :: a -> Shape

This codedefinesa typeclass0[¶xÐ/Ñ�ÐrÒ . This classhasfive methods:getPosi-
tion , getVelocity , getAcceleration , getColor andgetShape with the
correspondingtypes.

The first line hereusesthe keyword classto introducea new typeclass.We can
readthis typeclassdefinitionas“Thereis a typeclass’Entity’; a type’a’ is aninstance
of Entity if it providesthefollowing five functions: 3/3/3 ”. To seehow we canwrite an
instanceof thisclass,let usdefineaplayer(paddle)datatype:

data Paddle =
Paddle { paddlePosX, paddlePosY,

paddleVelX, paddleVelY,
paddleAccX, paddleAccY :: Int,
paddleColor :: Color,
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paddleHeight :: Int,
playerNumber :: Int }

Giventhisdatadeclaration,we candefine
¥ F/ª?ª�� � to beaninstanceof 0N¶{ÐÑKÐ�Ò :

instance Entity Paddle where
getPosition p = (paddlePosX p, paddlePosY p)
getVelocity p = (paddleVelX p, paddleVelY p)
getAcceleration p = (paddleAccX p, paddleAccY p)
getColor = paddleColor
getShape = Rectangle 5 . paddleHeight

TheactualHaskelltypesof theclassfunctionsall have includedthe context En-
tity a =>. For example,getPosition hastype 0[¶xÐ/Ñ�Ð�Ò±F\ ¡F ��� |-,/'�6|-,' � .
However, it will turn out that many of our routineswill needentitiesto also be in-
stancesof 021 . We canthereforechooseto make 0[¶xÐ/Ñ�Ð�Ò a subclassof 021 : namely,
you canonly be an instanceof 0N¶{ÐÑKÐ�Ò if you arealreadyan instanceof 0a1 . To do
this,we changethefirst line of theclassdeclarationto:

class Eq a => Entity a where

Now, in orderto define
¥ F/ª?ª�� � s to beinstancesof 0[¶xÐ/Ñ�ÐrÒ we will first needthem

to beinstancesof 021 – we cando thisby deriving theclass.

8.4.2 Computations

Let’s think backto our original motivationfor definingthe ¯�Fr»?�I� datatypefrom Sec-
tion ??. We wantedto beableto expressthatfunctions(i.e.,computations)canfail.

Let usconsiderthecaseof performingsearchon a graph.Allow usto takea small
asideto setup a smallgraphlibrary:

data Graph v e = Graph [(Int,v)] [(Int,Int,e)]

The ÓÔ)+F7Ç7D datatypetakestwo typeargumentswhichcorrespondto vertex andedge
labels.Thefirst argumentto the Óu)+F7Ç7D constructoris a list (set)of vertices;thesecond
is the list (set)of edges.We will assumetheselists arealwayssortedandthat each
vertex hasa uniqueid andthatthereis atmostoneedgebetweenany two vertices.

Supposewe want to searchfor a pathbetweentwo vertices. Perhapsthereis no
path betweenthosevertices. To representthis, we will usethe ¯�Fr»?�I� datatype. If
it succeeds,it will returnthe list of verticestraversed.Our searchfunction couldbe
written (naively) asfollows:

search :: Graph v e -> Int -> Int -> Maybe [Int]
search g@(Graph vl el) src dst

| src == dst = Just [src]
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| otherwise = search’ el
where search’ [] = Nothing

search’ ((u,v,_):es)
| src == u =

case search g v dst of
Just p -> Just (u:p)
Nothing -> search’ es

| otherwise = search’ es

This algorithmworksasfollows (try to readalong): to searchin a graphg from
src to dst , first we checkto seeif theseareequal. If they are,we have found our
way andjust returnthe trivial solution. Otherwise,we want to traversetheedge-list.
If we’re traversingtheedge-listandit is empty, we’ve failed,sowe returnNothing .
Otherwise,we’re looking at anedgefrom u to v . If u is our source,thenwe consider
thisstepandrecursively searchthegraphfrom v to dst . If this fails, wetry therestof
theedges;if thissucceeds,weputourcurrentpositionbeforethepathfoundandreturn.
If u is notour source,thisedgeis uselessandwecontinuetraversingtheedge-list.

This algorithmis terrible: namely, if thegraphcontainscycles,it canloop indefi-
nately. Nevertheless,it is sufficentfor now. Besureyouunderstandit well: thingsonly
getmorecomplicated.

Now, therearecaseswherethe ¯SF�»7�I� datatypeis not sufficient: perhapswe wish
to includean error messagetogetherwith the failure. We could definea datatypeto
expressthisas:

data Failable a = Success a | Fail String

Now, failures comewith a failure string to expresswhat went wrong. We can
rewrite our searchfunctionto usethisdatatype:

search2 :: Graph v e -> Int -> Int -> Failable [Int]
search2 g@(Graph vl el) src dst

| src == dst = Success [src]
| otherwise = search’ el
where search’ [] = Fail "No path"

search’ ((u,v,_):es)
| src == u =

case search2 g v dst of
Success p -> Success (u:p)
_ -> search’ es

| otherwise = search’ es

Thiscodeis a straightforwardtranslationof theabove.
Thereis anotheroption for this computation:perhapswe want not just onepath,

but all possiblepaths.We canexpressthis asa functionwhich returnsa list of lists of
vertices.Thebasicideais thesame:
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search3 :: Graph v e -> Int -> Int -> [[Int]]
search3 g@(Graph vl el) src dst

| src == dst = [[src]]
| otherwise = search’ el
where search’ [] = []

search’ ((u,v,_):es)
| src == u =

map (u:) (search3 g v dst) ++
search’ es

| otherwise = search’ es

Thecodeherehasgottena little shorter, thanksto thestandardpreludemap func-
tion, thoughit is essentiallythesame.

We may ask ourselves what all of thesehave in commonand try to gobbleup
thosecommonalitiesin a class.In essense,we needsomewayof representingsuccess
andsomeway of representingfailure. Furthermore,we needa way to combinetwo
successes(in thefirst two cases,thefirst successis chosen;in thethird, they arestrung
together).Finally, we needto beableto augmenta previoussuccess(if therewasone)
with somenew value.We canfit thisall into a classasfollows:

class Computation c where
success :: a -> c a
failure :: String -> c a
augment :: c a -> (a -> c b) -> c b
combine :: c a -> c a -> c a

In thisclassdeclaration,we’resayingthat ² isaninstanceof theclassÕÏ����ÖE�HÐ/º�Ð/Ñ���¶
if it providesfour functions: success , failure , augment andcombine . The
success functiontakesa valueof type F andreturnsit wrappedup in ² , representing
asuccessfulcomputation.The failure functiontakesa &('�)�*-,. andreturnsa compu-
tation representinga failure. Thecombine functiontakestwo previouscomputation
andproducesa new onewhich is thecombinationof both. Theaugment function is
a bit morecomplex.

The augment function takessomepreviously given computation(namely, ² F )
anda function which takesthevalueof that computation(the F ) andreturnsa � and
producesa � inside of that computation. Note that in our currentsituation,giving
augment thetype ² F ��� F � F �H�´² F wouldhavebeensufficient,sinceF is always� |-,'  , but wemakeit thismoregeneraltime just for generality.

How augment worksis probablybestshown by example.We candefine ¯�Fr»?�I� ,®?FI*-� F7�7� � and �  to beinstancesof Õ\����ÖH�EÐ/º�Ð/Ñ���¶ as:

instance Computation Maybe where
success = Just
failure = const Nothing
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augment (Just x) f = f x
augment Nothing _ = Nothing
combine Nothing y = y
combine x _ = x

Here,successis representedwith Just and failure ignoresits argumentand
returnsNothing . Thecombine functiontakesthefirst successwefoundandignores
the rest. The functionaugment checksto seeif we succeededbefore(andthushad
a Just something)and,if we did, appliesf to it. If we failed before(andthushada
Nothing ), we ignorethefunctionandreturnNothing .

instance Computation Failable where
success = Success
failure = Fail
augment (Success x) f = f x
augment (Fail s) _ = Fail s
combine (Fail _) y = y
combine x _ = x

Thesedefinitionsareobvious.Finally:

instance Computation [] where
success a = [a]
failure = const []
augment l f = concat (map f l)
combine = (++)

Here,thevalueof asuccessfulcomputationis asingletonlist containingthatvalue.
Failureis representedwith theemptylist andto combineprevioussuccesseswesimply
catentatethem. Finally, augmentinga computationamountsto mappingthe function
acrossthelist of previouscomputationsandconcatentatethem.we applythefunction
to eachelementin thelist andthenconcatenatetheresults.

Usingthesecomputations,we canexpressall of theabove versionsof searchas:

searchAll g@(Graph vl el) src dst
| src == dst = success [src]
| otherwise = search’ el
where search’ [] = failure "no path"

search’ ((u,v,_):es)
| src == u = (searchAll g v dst ‘augment‘

(success . (u:)))
‘combine‘ search’ es

| otherwise = search’ es
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In this,we seetheusesof all thefunctionsfrom theclassÕÏ����ÖE�HÐ/º�Ð/Ñ���¶ .
If you’veunderstoodthisdiscussionof computations,you arein a very goodposi-

tion asyouhaveunderstoodtheconceptof monads, probablythemostdifficult concept
in Haskell. In fact, the Õ\�<��ÖE�EÐ/º�ÐÑK��¶ classis almostexactly the ×���¶Eº< class,ex-
cept that success is called return , failure is called fail andaugment is
called>>= (read“bind”). Thecombine function isn’t actuallyrequiredby monads,
but is foundin the ×��<¶Eº<EØ\ÙK��Ú classfor reasonswhich will becomeobviouslater.

If you didn’t understandeverythinghere,readthroughit againandthenwait for
theproperdiscussionof monadsin Chapter9.

8.5 Instances

We have alreadyseenhow to declareinstancesof somesimpleclasses;allow us to
considersomemoreadvancedclasseshere. Thereis a Û��H¶�Ü!Ð��¬ classdefinedin theÛh�E¶�ÜIÐ/��¬ module.

NOTE Thename“functor”, like “monad” comesfrom category the-
ory. There,a functor is like a function,but insteadof mappingelements
to elements,it mapsstructuresto structures.

Thedefinitionof thefunctorclassis:

class Functor f where
fmap :: (a -> b) -> f a -> f b

Thetypedefinitionfor fmap (not to mentionits name)is very similar to thefunc-
tion map over lists. In fact, fmap is essentiallya generalizationof map to arbitrary
structures(and,of course,lists arealreadyinstancesof Û��H¶�Ü!Ð��¬ ). However, we can
alsodefineotherstructuresto beinstancesof functors.Considerthefollowingdatatype
for binarytrees:

data BinTree a = Leaf a
| Branch (BinTree a) (BinTree a)

Wecanimmediatelyidentify thatthe �x*-,/ÌE)���� typeessentially“raises”a type F into
treesof that type. Thereis a naturallyassociatedfunctor which goesalongwith this
raising.Wecanwrite theinstance:

instance Functor BinTree where
fmap f (Leaf a) = Leaf (f a)
fmap f (Branch left right) =

Branch (fmap f left) (fmap f right)
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Now, we’ve seenhow to makesomethinglike �x*-,ÌE)µ��� aninstanceof 021 by using
the deriving keyword, but herewe will do it by hand. We want to make �x*-,/ÌE)����NF s
instancesof 0a1 but obviously we cannotdo this unlessF is itself an instanceof 021 .
We canspecifythis dependencein theinstancedeclaration:

instance Eq a => Eq (BinTree a) where
Leaf a == Leaf b = a == b
Branch l r == Branch l’ r’ = l == l’ && r == r’
_ == _ = False

Thefirst line of this canberead“if F is an instanceof 021 , then �x*-,/ÌE)��r�ÔF is also
an instanceof 0a1 ”. We thenprovide thedefinitions.If we did not includethe“Eq a
=>” part,thecompilerwouldcomplainbecausewe’re trying to usethe== functiononF s in thesecondline.

The“Eq a =>” partof thedefinitionis calledthe“context.” We shouldnotethat
therearesomerestrictionson whatcanappearin thecontext andwhat canappearin
thedeclaration.For instance,we’renotallowedto have instancedeclarationsthatdon’t
containtype constructorson the right handside. To seewhy, considerthe following
declarations:

class MyEq a where
myeq :: a -> a -> Bool

instance Eq a => MyEq a where
myeq = (==)

As it stands,theredoesn’t seemto beanythingwrongwith thisdefinition.However,
if elsewherein a programwe hadthedefinition:

instance MyEq a => Eq a where
(==) = myeq

In thiscase,if we’re trying to establishif sometypeis aninstanceof 021 , wecould
reduceit to trying to find out if that type is an instanceof ×�Òx021 , which we could
in turn reduceto trying to find out if that type is an instanceof 0a1 , andso on. The
compilerprotectsitself againstthis by refusingthefirst instancedeclaration.

This is commonlyknown astheclosed-worldassumption. Thatis, we’reassuming,
whenwe write a definition like thefirst one,that therewon’t be any declarationslike
thesecond.However, this assumptionis invalid becausethere’snothingto prevent the
seconddeclaration(or someequallyevil declaration).The closedworld assumption
canalsobiteyou in caseslike:

class OnlyInts a where
foo :: a -> a -> Bool
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instance OnlyInts Int where
foo == (==)

bar :: OnlyInts a => a -> Bool
bar = foo 5

We’ve againmadetheclosed-worldassumption:we’ve assumedthat theonly in-
stanceof «�¶EÙKÒxÝ�¶xÐIÚ is |-,' , but there’s no reasonanotherinstancecouldn’t bedefined
elsewhere,ruiningour defintionof bar .

8.6 Kinds

Let us takea momentandthink aboutwhat typesareavailable in Haskell. We have
simple types,like |-,' , CEDGF!) , }E~��?�7� � andso on. We thenhave type constructorslike¯�Fr»7�G� which takea type(like CEDIFI) ) andproducea new type, ¯SF�»7�I�\CHDIFI) . Similarly,
the typeconstructor�  (lists) takesa type (like |-,' ) andproduces� |-,'  . We have more
complex thingslike � (functionarrow) which takestwo types(say |-,' and �h~(~�� ) and
producesanew type |-,' � �h~(~�� .

In asense,thesetypesthemselveshave type.Typeslike |-,' havesomesortof basic
type. Typeslike ¯�Fr»?�I� have a typewhich takessomethingof basictypeandreturns
somethingof basictype.And soforth.

Talking aboutthe typesof typesbecomesunwieldyandhighly ambiguous,sowe
call the typesof types“kinds.” What we have beencalling “basic types” have kind
“* ”. Somethingof kind * is somethingwhichcanhaveanactualvalue.Thereis alsoa
singlekind constructor, � with which we canbuild morecomplex kinds.

Consider̄�Fr»?�I� . This takessomethingof kind * andproducessomethingof kind
* . Thus, the kind of ¯�Fr»?�I� is * -> * . Recall the definition of Pair from Sec-
tion 4.5.1:

data Pair a b = Pair a b

Here,
¥ FI*-) is a type constructorwhich takestwo arguments,eachof kind * and

producesa typeof kind * . Thus,thekind of
¥ FI*-) is * -> (* -> *) . However, we

againassumeassociativity sowe justwrite * -> * -> * .
Let usmakea slightly strangedatatypedefinition:

data Strange c a b =
MkStrange (c a) (c b)

Beforewe analyzethekind of &('�)�F7,.?� , let’s think aboutwhat it does.It is essen-
tially a pairingconstructor, thoughit doesn’t pair actualelements,but elementswithin
anotherconstructor. For instance,think of ² as ¯SF�»7�I� . Then ¯¼É&('�)�F7,.?� pairs ¯SF�»7�I� s
of the two types F and � . However, ² neednot be ¯�Fr»?�I� but could insteadby �  , or
many otherthings.



118 CHAPTER8. ADVANCED TYPES

Whatdoweknow about² , though?Weknow thatit musthavekind * -> * . This
is becausewe have c a on theright handside. ThetypevariablesF and � eachhave
kind * asbefore.Thus,thekind of &('�)�F7,.7� is (* -> *) -> * -> * -> * . That
is, it takesa constructor( ² ) of kind * -> * togetherwith two typesof kind * and
producessomethingof kind * .

A questionmay ariseregardinghow we know F haskind * andnot someother
kind k . In fact, the inferred kind for &('�)�F7,.?� is (k -> *) -> k -> k -> * .
However, this requirespolymorphismon thekind level, which is too complex, sowe
makea defaultassumptionthatk = * .

NOTE Thereareextensionsto GHC which allow you to specifythe
kind of constructorsdirectly. For instance,if youwantedadifferentkind,
youcouldwrite this explicitly:

data Strange (c :: (* -> *) -> *) a b = MkStrange (c a) (c b)

to givea differentkind to &B'�)+F7,/.?� .
Thenotationof kindssuggeststhatwe canperformpartial application,aswe can

for functions.And, in fact,we can.For instance,we couldhave:

type MaybePair = Strange Maybe

Thekind of ¯SF�»7�I� ¥ FI*-) is, notsurprisingly, * -> * -> * .
Weshouldnoteherethatall of thefollowing definitionsareacceptable:

type MaybePair1 = Strange Maybe
type MaybePair2 a = Strange Maybe a
type MaybePair3 a b = Strange Maybe a b

Theseall appearto bethesame,but they arein factnot identicalasfar asHaskell’s
typesystemis concerned.Thefollowing areall valid typedefinitionsusingtheabove:

type MaybePair1a = MaybePair1
type MaybePair1b = MaybePair1 Int
type MaybePair1c = MaybePair1 Int Double

type MaybePair2b = MaybePair2 Int
type MaybePair2c = MaybePair2 Int Double

type MaybePair3c = MaybePair3 Int Double

But thefollowing arenot valid:
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type MaybePair2a = MaybePair2

type MaybePair3a = MaybePair3
type MaybePair3b = MaybePair3 Int

Thisis becausewhile it is possibleto partiallyapplytypeconstructorsondatatypes,
it is not possibleon typesynonyms. For instance,the reason̄SF�»7�I� ¥ FI*-)�Í?F is invalid
is becausēSF�»7�I� ¥ FI*-)�Í is definedasa typesynonym with oneargumentandwe have
givenit none.Thesameappliesfor theinvalid ¯�Fr»7�G� ¥ FI*-)�Ë definitions.

8.7 ClassHierar chies

8.8 Default

whatis it?
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Chapter 9

Monads

Learningaboutmonadsis thehardestthingyouwill have to dowhenlearningHaskell.
I will distinguishtwo differentsubcomponentsof learningaboutmonads:(1) learning
how to usealready-existing monadsand(2) learninghow to write your own. If you
want to useHaskell,you mustbe able to usealready-existing monads.Only if you
want to be a superHaskell guru must you learnhow to write your own. However,
if you do get the hangof writing your own monads,your life will becomea lot less
painful.

Sofarwe’veseentwo usesof monads.Thefirst wasIO actions.We’veseenthatby
usingmonads,we canabstractaway from theproblemsplaguingboth theRealWorld
andCPSsolutionspresentedin Chapter5. Thesecondwasusingmonadsto represent
differenttypesof computationsin Section8.4.2. In both cases,we neededa way to
sequenceoperationsandsaw thatasufficientdefinition(at leastfor computations)was: computations

class Computation c where
success :: a -> c a
failure :: String -> c a
augment :: c a -> (a -> c b) -> c b
combine :: c a -> c a -> c a

Letusseeif thiswill enableustoalsodoIO. Essentially, weneedawayto represent
taking a valueout of an action andperformingsomenew operationon it (as in the
examplefrom Section4.4.3,rephrasedslightly):

main = do
s <- readFile "somefile"
putStrLn (show (f s))

But this is exactly whataugment does.In fact,usingaugment , wecanwrite the
above codeas:

121
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main = -- note the lack of a "do"
readFile "somefile" ‘augment‘ \s ->
putStrLn (show (f s))

This certainlyseemsto be sufficient. And, in fact, it turnsout to be more than
sufficient.

Thedefinitionof amonadisaslightly trimmeddownversionof our Õ\�<��ÖE�EÐ/º�ÐÑK��¶
class.It containsfour methods,but onehasa defaultdefinitionin termof another:

class Monad m where
return :: a -> m a
fail :: String -> m a
(>>=) :: m a -> (a -> m b) -> m b
(>>) :: m a -> m b -> m b

In this definition, return is equivalentto our success ; fail is equivalentto
our failure ; and>>= (read:“bind” ) is equivalentto our augment . The>> (read:bind
“then” ) methodis simply a versionof >>= which ignoresthe F . This will turn out tothen
beuseful,althoughit canbedefinedin termsof >>=: wedefinea >> x Þ a >>=
-> x .

9.1 Do Notation

We have hintedthatthereis a connectionbetweenmonadsandthedo notation.Here,
we makethat relationshipconcrete.As it turnsout, thereis nothingspecialaboutthe
do notation.It is simplysyntacticsugarfor monadicoperations.syntactic sugar

As we mentionedearlier, usingour Õ\�<��ÖE�EÐ/º�ÐÑK��¶ class,we could defineour
above programas:

main =
readFile "somefile" ‘augment‘ \s ->
putStrLn (show (f s))

But we now know thataugment is called>>= in themonadicworld. Thus,this
programreally reads(andthis is completelyvalid Haskellat this point: if you defined
a function f :: Show a => String -> a, you could compile and run this
program):

main =
readFile "somefile" >>= \s ->
putStrLn (show (f s))

Thissuggeststhatwecantranslate:
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do x <- f
g x

into f >>= ¤ x -> g x . This is exactly whatthecompilerdoes.Talking about
do becomeseasierif we abstractaway from layout(seeSection?? for how to dothis).
Therearefour translationrules:

1. do l e m � e

2. do l e; es m � e >> do l es m
3. do l let decls; es m � let decls in do l es m
4. do l p <- e; es m � let ok p = do l es m ; ok = fail "..."

in e >>= ok

Again,wewill taketheseoneat a time.

Translation Rule 1

The first translationrule, do l e m � e, states(aswe have statedbefore)that when
performinga singleaction,having a do or not is irrelevant.This is essentiallythebase
casefor an inductive definitionof do. Thebasecasehasoneaction(namelye here);
theotherthreetranslationruleshandlethecaseswherethereis morethanoneaction.

Translation Rule 2

Thisstatesthatdo l e; es m � e >> do l es m . This tellsuswhatto do if wehave
anaction(e) followedby a list of actions(es ). Here,we makeuseof the>> function
definedin monads.All thisrulesaysis thatto do l e; es m , first weperformtheaction
e, throw away theresultandthendo es .

For instance,if e is putStrLn s for somestring s , thenthe translationof dol e; es m is to performe (i.e., print thestring)andthendo es . This is clearly what
we want.

Translation Rule 3

This statesthatdo l let decls; es m � let decls in do l es m . This ba-
sically tells us how to dealwith lets insideof a do statement.All we do is lift the let
declarationswithin the let outanddo whatever comesafterthedeclarations.

Translation Rule 4

Thisstatesthatdo l p <- e; es m � let ok p = do l es m ; ok = fail
"..." in e >>= ok . Again,it is notexactlyobviouswhatis goingonhere.How-
ever, analternateformulationof this rule thatis roughlyequivalentis: do l p <- e;
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es m � e >>= ¤ p -> es . Here,it is clearwhatis happening.We run theactione,
andthensendtheresultsinto es , but first give theresultthenamep.

Thereasonfor thecomplex definitionis thatp doesn’t needto simplybeavariable;
it couldbesomecomplex pattern.For instance,thefollowing is valid code:

foo = do (’a’:’b’:’c’:x:xs) <- getLine
putStrLn (x:xs)

In this, we’re assumingthattheresultsof theactiongetLine will begin with the
string “abc” andwill have at leastonemorecharacter. The questionbecomeswhat
shouldhappenif this patternmatchfails. The compilercould simply throw an error
like usualfor failed patternmatches,but sincewe’re within a monad,we have access
to a specialfail function,andwe’d preferto fail usingthat function,ratherthanthe
“catchall” error function.Thus,thetranslationasdefinedallowsthecompilerto fill
in the... with anappropriateerrormessageaboutthepatternmatchinghaving failed.
Otherthanthat,though,thetwo definitionsareequivalent.

9.2 Definition

Therearethreeruleswhich all monadsmustobey (andit is up to you to ensureyour
monadsobey theserules)calledthe“MonadLaws”:monad laws

1. return a >>= f Þ f a

2. f >>= return Þ f

3. f >>= ( ¤ x -> g x >>= h) Þ (f >>= g) >>= h

Let’s look at eachof theseindividually.

Law 1

Thisstatesthatreturn a >>= f Þ f a. Supposewethink aboutmonadsascom-
putations. This meansthat if we createa trivial computationwhich simply returns
the valuea irregardlessof anything elsegoing on (this is the return a part) and
thenbind it togetherwith someothercomputationf , thenthis is equivalentto simply
performingthecomputationf on a directly.

For example, supposef is the function putStrLn and a is the string “Hello
World”. This statesbinding a computationwhoseresult is “Hello World” to put-
StrLn is thesameassimply printing it to thescreen.Thisseemsto makesense.

In do notation,this law statesthatthefollowing two programsareequivalent:

law1a = do
x <- return a
f x
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law1b = do
f a

Law 2

This statesthat f >>= return Þ f . That is, f is somecomputationandthe law
statesthat if we performthe computationf andthenpassthe resulton to the trivial
return function,thenthis is thesameassimply performingthecomputation.

This shouldbe obvious. Think of f as getLine (readsa string from the key-
board).This statesthat readinga stringandthenreturingthevaluereadis exactly the
sameasjust readingthestring.

In do notation,this law statesthatthefollowing two programsareequivalent:

law2a = do
x <- f
return x

law2b = do
f

Law 3

This statesthat f >>= ( ¤ x -> g x >>= h) Þ (f >>= g) >>= h. This is
notaseasyto graspatfirst glanceastheothertwo. It is essentiallyanassociativity law associative
for monads.

NOTE Outsidethe world of monads,a function J is associative if� ^�J/` � J(ß M ^sJ � `àJ?ß � . For instance,+ and * are associative, since
bracketingon thesefunctionsdoesn’t makea difference. On the other
hand,- and / are not associative since,for example, : �q� 9 � 4 ��áM� : � 9 �{� 4 .

If we throw away the messinesswith the lambdas,we get that this law states:f
>>= (g >>= h) Þ (f >>= g) >> h. Theintuition behindthis law is thatwhen
we’re stringtogetheractions,it doesn’t matterhow we groupthem.

For aconcreteexample,takef to begetLine . Takeg to beanactionwhich takes
a valueasinput,printsit to thescreenandreadsanotherstringvia getLine andthen
returnsthatstring.Takeh to beputStrLn .

Let’s considerwhat ( ¤ x -> g x >>= h) does. It takesa valuecalledx , and
runsg on it, feedingthe resultsinto h. In this instance,this meansthat it’ s going to
takea value,print it, readanothervalueandthenprint that. Thus,theentireleft hand
sideof thelaw readsa stringandthendoeswhatwe’ve justdescribed.

On the other hand,consider(f >>= g) . This action readsa string from the
keyboard,printsit, andthenreadsanotherstring,returningthatnewly readstringasa
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result.Whenwe bind thiswith h ason theright handsideof thelaw, we getanaction
which doesthis,andthenprintstheresults.

Clearly, thesetwo actionsarethesame.
While this explanationis quite complicated,andthe text of the law is alsoquite

complicated,theactualmeaningis simple: if we have threeactionsandwe compose
themin thesameorder, it doesn’t matterwhereweput theparentheses.Therestis just
notation.

In do notation,this requiresequivalenceof thefollowing two programs:

law3a = do
x <- f
do g <- x

h y

law3b = do
y <- do x <- f

g x
h y

9.3 A SimpleStateMonad

Oneof thesimplestmonadswecancraftis astate-passingmonad.Asweknow, usually
in Haskellall stateinformationmustbe passedto functionsexplicitly asarguments.
Usingmonads,we caneffectively hidesomestateinformation.

Supposewe have a function f of type F � � and we needto add stateto this
function. In general,if stateis of type §T'TF/'"� , we can encodethis by changingthe
type of f to F � §T'TF/'"� ��� §T'TF/'"�?6r� � . That is, the new versionof f takestheoriginal
parameterof typea aswell asa new stateparameter. And in additionto returningthe
valueof type � , it alsoreturnsanupdatedstate,encodedin atuple.

For instance,supposewe have a binarytreedefinedas:

data Tree a = Leaf a
| Branch (Tree a) (Tree a)

Now, we canwrite a simplemapfunctionto applysomefunctionto eachvaluein
theleaves:

mapTree :: (a -> b) -> Tree a -> Tree b
mapTree f (Leaf a) = Leaf (f a)
mapTree f (Branch lhs rhs) =

Branch (mapTree f lhs) (mapTree f rhs)
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Thisis all well andgooduntil weneedto write afunctionwhichnumberstheleaves
left to right. In a sense,we needto addstateto themapTree function,which keeps
track of how many leaves we’ve numberedso far. We can augmentthe function to
somethinglike:

mapTreeState :: (a -> state -> (state, b)) ->
Tree a -> state -> (state, Tree b)

mapTreeState f (Leaf a) state =
let (state’, b) = f a state
in (state’, Leaf b)

mapTreeState f (Branch lhs rhs) state =
let (state’ , lhs’) = mapTreeState f lhs state

(state’’, rhs’) = mapTreeState f rhs state’
in (state’’, Branch lhs’ rhs’)

This is beginningto geta bit unweildy, andthetypesignatureis gettingharderand
harderto understand.Whatwe wantto do is abstractaway thestatepassingpart.That
is, thedifferencesbetweenmapTree andmapTreeState are:(1) theaugmentedf
type,(2) we replacedthe type -> Tree b with -> state -> (state, Tree
b) . Noticethatbothtypeschangedin exactly thesameway. Wecanabstractthisaway
with a typesynonym declaration:

type State st a = st -> (st, a)

To go alongwith this type,we write two functions:

returnState :: a -> State st a
returnState a = \st -> (st, a)

bindState :: State st a -> (a -> State st b) -> State st b
bindState m k = \st ->

let (st’, a) = m st
m’ = k a

in m’ st’

Let’s examingeachof thesein turn. The first function, returnState , takesa
valueof typea andcreatessomethingof typeState st a. If we think of the st
asthestate,andthevalueof typea asthevalue,thenthis is a functionwhich doesn’t
changethestateandreturnsthevaluea.

ThebindState functionlooksdistinctlylike theinterior let declarationsin map-
TreeState . It takestwo arguments.Thefirst argumentis an actionwhich returns
somethingof typea with statest . The secondis a function which takesthis a and
producessomethingof typeb alsowith thesamestate.Theresultof bindState is
essentiallytheresultof transformingthea into a b.
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Thedefinitionof bindState takesaninitial state,st . It first appliesthis to the
State st a argumentcalledm. This givesbacka new statest’ anda valuea. It
thenlets the functionk acton a, producingsomethingof typeState st b, called
m’ . Wefinally runm’ with thenew statest’ .

Wewrite a new function,mapTreeStateM andgive it thetype:

mapTreeStateM :: (a -> State st b) -> Tree a -> State st (Tree b)

Usingthese“plumbing” functions,returnState andbindState , wecanwrite
this functionwithoutever having to explicitly talk aboutthestate:

mapTreeStateM f (Leaf a) =
f a ‘bindState‘ \b ->
returnState (Leaf b)

mapTreeStateM f (Branch lhs rhs) =
mapTreeStateM f lhs ‘bindState‘ \lhs’ ->
mapTreeStateM f rhs ‘bindState‘ \rhs’ ->
returnState (Branch lhs’ rhs’)

In the Leaf case,we apply f to a andthenbind the result to a function which
takestheresultandreturnsa Leaf with thenew value.

In theBranch case,we recurseon theleft-hand-side,bindingtheresultto a func-
tion which recurseson the right-hand-side,binding that to a simple function which
returnsthenewly createdBranch .

As you have probablyguessedby this point, State st a is a monadandre-
turnState is analogousto the overloadedreturn methodand bindState is
analogousto the overloaded>>= method. In fact, we canverify that State st a
obeys themonadlaws:

Law 1 states:return a >>= f Þ f a. Let’s calculateon the left handside,
substitutingournames:

returnState a ‘bindState‘ f
==>

\st -> let (st’, a) = (returnState a) st
m’ = f a

in m’ st’
==>

\st -> let (st’, a) = (\st -> (st, a)) st
in (f a) st’

==>
\st -> let (st’, a) = (st, a)

in (f a) st’
==>

\st -> (f a) st
==>

f a
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In thefirst step,we simply substitutethedefinitionof bindState . In thesecond
step,we simplify thelasttwo linesandsubstitutethedefinitionof returnState . In
thethird step,we applyst to thelambdafunction. In thefourth step,we renamest’
to st andremove the let. In thelaststep,we etareduce.

Moving on to Law 2, we needto show that f >>= return Þ f . This is shown
asfollows:

f ‘bindState‘ returnState
==>

\st -> let (st’, a) = f st
in (returnState a) st’

==>
\st -> let (st’, a) = f st

in (\st -> (st, a)) st’
==>

\st -> let (st’, a) = f st
in (st’, a)

==>
\st -> f st

==>
f

Finally, we needto show thatState obeys thethird law: f >>= ( ¤ x -> g x
>>= h) Þ (f >>= g) >>= h. This is muchmoreinvolvedto show, so we will
only sketchtheproofhere.Noticethatwe canwrite theleft-hand-sideas:

\st -> let (st’, a) = f st
in (\x -> g x ‘bindState‘ h) a st’

==>
\st -> let (st’, a) = f st

in (g a ‘bindState‘ h) st’
==>

\st -> let (st’, a) = f st
in (\st’ -> let (st’’, b) = g a

in h b st’’) st’
==>

\st -> let (st’ , a) = f st
(st’’, b) = g a st’
(st’’’,c) = h b st’’

in (st’’’,c)

The interestingthing to not hereis that we have both actionapplicationson the
samelet level. Sincelet is associative, this meansthat we canconvert this to either
bracketingandit won’t matter. Of course,this is aninformal,“handwaving” argument
andit would takea few morederivationsto actuallyprove it, but this givesthegeneral
idea.
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Now thatwe know that State st a is actuallya monad,we’d like to makeit
aninstanceof the ×��<¶Eº< class.Unfortunately, thestraightforwardwayof doingthis
doesn’t work. We cannotwrite:

instance Monad (State st) where { ... }

Thisis becauseyoucannotmakeinstancesoutof non-fully-appliedtypesynonyms.
Whatwe needto do insteadis to conver thetypesynonym into a newtype, as:

newtype State st a = State (st -> (st, a))

Unfortunately, this meansthatwe needto do somepackingandunpackingof the
State constructorin the ×���¶Hº� instancedeclaration,but it’ snot toobad:

instance Monad (State state) where
return a = State (\state -> (state, a))
State run >>= action = State run’

where run’ st =
let (st’, a) = run st

State run’’ = action a
in run’’ st’

Now, we canwrite our mapTreeM functionas:mapTreeM

mapTreeM :: (a -> State state b) -> Tree a ->
State state (Tree b)

mapTreeM f (Leaf a) = do
b <- f a
return (Leaf b)

mapTreeM f (Branch lhs rhs) = do
lhs’ <- mapTreeM f lhs
rhs’ <- mapTreeM f rhs
return (Branch lhs’ rhs’)

which is significantlycleanerthanbefore.In fact, if we remove thetypesignature,
we getthemoregeneraltype:

mapTreeM :: Monad m => (a -> m b) -> Tree a ->
m (Tree b)

Thatis, mapTreeM canberun in anymonad,not justour State monad.
Now, thenicething aboutencapsulatingstuff like this is thatwe canprovide func-

tion to getandchangethecurrentstate.Theselook like:getState

putState
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getState :: State state state
getState = State (\state -> (state, state))

putState :: state -> State state ()
putState new = State (\_ -> (new, ()))

Here,getState is a monadicoperationwhich takesthe currentstate,passesit
throughunchanged,and thenalso returnsit as the value. The putState function
takesa new stateandproducesandactionwhich ignoresthe currentstateandinserts
thenew one.

Now, we canwrite ournumberTree functionas:

numberTree :: Tree a -> State Int (Tree (a, Int))
numberTree tree = mapTreeM number tree

where number v = do
cur <- getState
putState (cur+1)
return (v,cur)

Finally, we needto beableto run theactionby providing aninitial state:

runStateM :: State state a -> state -> a
runStateM (State f) st = snd (f st)

Now, we canprovide anexampleTree:

testTree =
Branch

(Branch
(Leaf ’a’)
(Branch

(Leaf ’b’)
(Leaf ’c’)))

(Branch
(Leaf ’d’)
(Leaf ’e’))

And numberit:

State> runStateM (numberTree testTree) 1
Branch (Branch (Leaf (’a’,1)) (Branch (Leaf (’b’,2))

(Leaf (’c’,3)))) (Branch (Leaf (’d’,4))
(Leaf (’e’,5)))
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Thismayseemlike anawful lot of work to dosomethingsimple.However, notethe
new powerof mapTreeM. Wecanalsoprint out theleavesof thetreein a left-to-right
fashionas:

State> mapTreeM print testTree
’a’
’b’
’c’
’d’
’e’

ThiscruciallyreliesonthefactthatmapTreeM hasthemoregeneraltypeinvolving
arbitrarymonads,not just thestatemonad.Furthermore,we canwrite anactionwhich
will makeeachleafvalueequalto its old valueaswell asall thevaluespreceeding:

fluffLeaves tree = mapTreeM fluff tree
where fluff v = do

cur <- getState
putState (v:cur)
return (v:cur)

andcanseeit in action:

State> runStateM (fluffLeaves testTree) []
Branch (Branch (Leaf "a") (Branch (Leaf "ba")

(Leaf "cba"))) (Branch (Leaf "dcba")
(Leaf "edcba"))

In fact, you don’t even needto write your own monadinstanceanddatatype.All
this is built in in theControl.Monad.State module.There,our runStateM is
calledevalState ; ourgetState is calledget andourputState is calledput .

This modulealso containsa statetransformermonad, which we will discussin
Section9.7.

9.4 Common Monads

It turnsout thatmany of our favorite datatypesareactuallythemselvesmonads.Con-
sider, for instance,lists. They have a monaddefinitionwhich lookssomethinglike:lists

instance Monad [] where
return x = [x]
l >>= f = concatMap f l
fail _ = []

Thisenablesusto uselists in do notation.For instance,giventhedefinition:
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cross l1 l2 = do
x <- l1
y <- l2
return (x,y)

wegeta cross-productfunction:

Monads> cross "ab" "cde"
[(’a’,’d’),(’a’,’e’),(’a’,’f’),( ’b’,’d’),( ’b’,’e’),(’ b’,’f’)]

It is not a coincidencethatthis looksverymuchlike thelist comprehensionform: list comprehensions

Prelude> [(x,y) | x <- "ab", y <- "def"]
[(’a’,’d’),(’a’,’e’),(’a’,’f’),( ’b’,’d’),( ’b’,’e’),(’ b’,’f’)]

List comprehensionform is simply an abbreviated form of a monadicstatement
usinglists. In fact, in olderversionsof Haskell,thelist comprehensionform couldbe
usedfor any monad,not just lists. However, in Haskell thesedays,this is no longer
allowed.

The ¯SF�»7�I� typeis alsoa monad,with failure beingrepresentedasNothing and Maybe
with successasJust . We getthefollowing instancedeclaration:

instance Monad Maybe where
return a = Just a
Nothing >>= f = Nothing
Just x >>= f = f x
fail _ = Nothing

Wecanusethesamecrossproductfunctionthatwedid for listson ¯�Fr»?�I� s. This is
becausethedo notationworksfor any monadandthere’snothingspecificto listsabout
thecross function.

Monads> cross (Just ’a’) (Just ’b’)
Just (’a’,’b’)
Monads> cross (Nothing :: Maybe Char) (Just ’b’)
Nothing
Monads> cross (Just ’a’) (Nothing :: Maybe Char)
Nothing
Monads> cross (Nothing :: Maybe Char) (Nothing :: Maybe Char)
Nothing

Whatthismeansis thatif wewrite a function(like searchAll from Section8.4) searchAll
only in termsof monadicoperators,we canuseit with any monad,dependingon what
we mean.Using realmonadicfunctions(not do notation),thesearchAll function
lookssomethinglike:
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searchAll g@(Graph vl el) src dst
| src == dst = return [src]
| otherwise = search’ el
where search’ [] = fail "no path"

search’ ((u,v,_):es)
| src == u = searchAll g v dst >>= \path ->

return (u:path)
| otherwise = search’ es

Thetypeof this functionis Monad m => Graph v e -> Int -> Int ->
m [Int] . Thismeansthatnomatterwhatmonadwe’reusingat themoment,thiswill
beableto performthecalculation.Supposewe have thefollowing graph:

gr = Graph [(0, ’a’), (1, ’b’), (2, ’c’), (3, ’d’)]
[(0,1,’l’), (0,2,’m’), (1,3,’n’), (2,3,’m’)]

This representsa graphwith four nodes,labelleda,b,c andd. Thereis an edge
from a to bothb andc. Thereis alsoanedgefrom bothb andc to d. Usingthe ¯SF�»7�I�
monad,we cancomputethepathfrom a to d:

Monads> searchAll gr 0 3 :: Maybe [Int]
Just [0,1,3]

weprovidethetypesignaturesothattheinterpreterknowswhatmonadwe’reusing.
If we try to searchin the oppositedirection,thereis no pathwhich is representedas
Nothing in the ¯SF�»7�I� monad:

Monads> searchAll gr 3 0 :: Maybe [Int]
Nothing

Notethatthestring“no path” hasdisappearedsincethere’s no way for the ¯SF�»7�I�
monadto recordthis.

If we performthesameimpossiblesearchin thelist monad,we gettheemptylist,
indicatingno path:

Monads> searchAll gr 3 0 :: [[Int]]
[]

If we performthepossiblesearch,we getbacka list containingthefirst path:

Monads> searchAll gr 0 3 :: [[Int]]
[[0,1,3]]
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You may have expectedit to returnall paths,but ascodedit doesnot. SeeSec-
tion 9.6 for moreaboutusinglists to representnondeterminism.nondeterminism

If we usetheIO monad,we canactuallygetat theerrormessage,sinceIO knows
how to keeptrackof thatstuff:

Monads> searchAll gr 0 3 :: IO [Int]
Monads> it
[0,1,3]
Monads> searchAll gr 3 0 :: IO [Int]
*** Exception: user error
Reason: no path

In thefirst case,we neededto type it to getGHCi to actuallyevaluatethesearch.
Thereis oneproblemwith this implementationof searchAll : if it findsanedge

which doesnot leadto a solution,it won’t be ableto backtrack.This hasto do with
the recursive call to searchAll insideof search’ . Consider, for instance,what
happensif searchAll g v dst doesn’t find a path. There’s no way for this im-
plementationto recover. For instance,if we remove theedgefrom nodeb to noded,
we shouldstill beableto find a pathfrom a to d, but this algorithmcan’t find it. We
define:

gr2 = Graph [(0, ’a’), (1, ’b’), (2, ’c’), (3, ’d’)]
[(0,1,’l’), (0,2,’m’), (2,3,’m’)]

And thentry to search:

Monads> searchAll gr2 0 3
*** Exception: user error
Reason: no path

To fix this,we needa functionlike combine from our ÕÏ����ÖE�HÐ/º�Ð/Ñ���¶ class.We
will seehow to do this in Section9.6.

Exercises

Exercise26 Verify that ¯�Fr»?�I� obeysthethreemonadlaws.

Exercise27 Thetype â�* '�D�I)<&B'�)+*-,/. is a monadwhich cankeeptrack of errors. Write
an instancefor it andthentry doingthssearch in thismonad.
Hint: Your instancedeclarationshouldbegin: instance Monad (Either String)
where .
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9.5 Monadic Combinators

TheMonad/Control.Monad library containsa few very usefulmonadiccombina-
tors which haven’t yet beendiscussedthoroughly. The oneswe will discussin this
section,togetherwith their types,are(mis alwaysaninstanceof ×��<¶Eº< ):� (=<<) :: (a -> m b) -> m a -> m b� mapM :: (a -> m b) -> [a] -> m [b]� mapM :: (a -> m b) -> [a] -> m ()� filterM :: (a -> m Bool) -> [a] -> m [a]� foldM :: (a -> b -> m a) -> a -> [b] -> m a� sequence :: [m a] -> m [a]� sequence :: [m a] -> m ()� liftM :: (a -> b) -> m a -> m b� when :: Bool -> m () -> m ()� join :: m (m a) -> m a

In general,functionswith anunderscoreat theendareequivalentto theoneswith-
out,exceptthey donot returnany value.

The=<< functionis exactly thesamehas>>=, exceptit takesits argumentsin the
oppositeorder. For instance,in theIO monad,we canwrite equivalentlyeitherof the
following:

Monads> writeFile "foo" "hello world!" >>
(readFile "foo" >>= putStrLn)

hello world!
Monads> writeFile "foo" "hello world!" >>

(putStrLn =<< readFile "foo")
hello world!

ThemapM, filterM andfoldM areour old friendsmap, filter andfoldrmapM

filterM
foldM

wrappedupinsidemonads.Thesefunctionsareincrediblyuseful(particularlyfoldM )
whenworking with monads.We canusemapM, for instance,to print a list of things
to thescreen:

Monads> mapM_ print [1,2,3,4,5]
1
2
3
4
5
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WecanusefoldM to suma list andprint theintermediatesumateachstep:

Monads> foldM (\a b -> putStrLn (show a ++ "+" ++
show b ++ "=" ++ show (a+b)) >>
return (a+b)) 0 [1..5]

0+1=1
1+2=3
3+3=6
6+4=10
10+5=15
Monads> it
15

Thesequence andsequence functionssimply “execute”a list of actions.For sequence
instance:

Monads> sequence [print 1, print 2, print ’a’]
1
2
’a’
*Monads> it
[(),(),()]
*Monads> sequence_ [print 1, print 2, print ’a’]
1
2
’a’
*Monads> it
()

We canseethat theunderscoredversiondoesn’t returneachvalue,while thenon-
underscoredversionreturnsthelist of thereturnvalues.

The liftM function “lifts” a non-monadicfunction to a monadicfunction. (Do liftM
not confusethis with the lift functionusedfor monadtransformersin Section9.7.)
This is usefulfor shorteningcode(amongotherthings). For instance,we might want
to write a functionwhich prependseachline in a file with its line number. We cando
this with:

numberFile :: FilePath -> IO ()
numberFile fp = do

text <- readFile fp
let l = lines text
let n = zipWith (\n t -> show n ++ ’ ’ : t) [1..] l
mapM_ putStrLn n

However, we canshortenthis usingliftM :



138 CHAPTER9. MONADS

numberFile :: FilePath -> IO ()
numberFile fp = do

l <- lines ‘liftM‘ readFile fp
let n = zipWith (\n t -> show n ++ ’ ’ : t) [1..] l
mapM_ putStrLn n

In fact, you can apply any sort of (pure) processingto a file using liftM . For
instance,perhapswealsowantto split linesinto words;wecando this with:

...
w <- (map words . lines) ‘liftM‘ readFile fp
...

Notethat theparenthesesarerequired,sincethe (.) functionhasthesamefixity
has‘liftM‘ .

Lifting pure functionsinto monadsis also useful in othermonads. For instance
liftM canbeusedto applyfunctioninsideof Just . For instance:

Monads> liftM (+1) (Just 5)
Just 6
*Monads> liftM (+1) Nothing
Nothing

The when function executesa monadicaction only if a condition is met. Forwhen
instance,we mightonly wantto print non-emptylines:

Monads> mapM_ (\l -> when (not $ null l) (putStrLn l))
["","abc","def","","","ghi"]

abc
def
ghi

Of course,thesamecouldbeaccomplishedwith filter , but sometimeswhen is
moreconvenient.

Finally, the join function is themonadicequivalentof concat on lists. In fact,join
whenmis thelist monad,join is exactly concat . In othermonads,it accomplishes
a similar task:

Monads> join (Just (Just ’a’))
Just ’a’
Monads> join (Just (Nothing :: Maybe Char))
Nothing
Monads> join (Nothing :: Maybe (Maybe Char))
Nothing
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Monads> join (return (putStrLn "hello"))
hello
Monads> return (putStrLn "hello")
Monads> join [[1,2,3],[4,5]]
[1,2,3,4,5]

Thesefunctionswill turn out to be even moreusefulaswe move on to advanced
topicsin Chapter10.

9.6 MonadPlus

Given only the >>= and return functions,it turnsout to be impossibleto write a
function like combine with type ² F �³² F �´² F . However, sucha function is so combine
generallyuseful that it exists in anotherclasscalled ×��<¶Eº<EØ\ÙK��Ú . In addition to MonadPlus
having a combine function, instanceof ×��<¶Eº<EØ\ÙK��Ú also have a “zero” element
which is theidentity underthe“plus” (i.e.,combine)action.Thedefinitionis:

class Monad m => MonadPlus m where
mzero :: m a
mplus :: m a -> m a -> m a

In orderto gain accessto ×��<¶Eº<EØ\ÙK��Ú , you needto import the Monad module
(or Control.Monad in thehierarchicallibraries).

In Section9.4,we saythat ¯�Fr»?�I� andlist werebothmonads.In fact,they arealso Maybe

listsbothinstancesof ×���¶Eº<EØ\Ù���Ú . In thecaseof ¯�Fr»?�I� , thezeroelementis Nothing ;
in thecaseof lists, it is theemptylist. Themplus operationon ¯�Fr»7�G� is Nothing if
bothelementsareNothing ; otherwiseit is thefirst Just value.For lists, mplus is
thesameas++.

Thatis, theinstancedeclarationslook like:

instance MonadPlus Maybe where
mzero = Nothing
mplus Nothing y = y
mplus x _ = x

instance MonadPlus [] where
mzero = []
mplus x y = x ++ y

Wecanusethisclassto reimplementthesearchfunctionwe’vebeenexploringsuch
thatit will exploreall possiblepaths.Thenew functionlookslike:

searchAll2 g@(Graph vl el) src dst
| src == dst = return [src]
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| otherwise = search’ el
where search’ [] = fail "no path"

search’ ((u,v,_):es)
| src == u =

(searchAll2 g v dst >>= \path ->
return (u:path)) ‘mplus‘

search’ es
| otherwise = search’ es

Now, whenwe’re going throughtheedgelist in search’ andwe comeacrossa
matchingedge,not only do we explore this pathbut we alsocontinueto explore the
out-edgesof thecurrentnodein therecursive call to search’ .

TheIO monadis notaninstanceof ×���¶Eº<EØ\Ù���Ú , wewe’renotableto executethe
searchwith this monad.We canseethatwhenusinglists asthemonad,we (a) getall
possiblepathsin gr and(b) geta pathin gr2 .

MPlus> searchAll2 gr 0 3 :: [[Int]]
[[0,1,3],[0,2,3]]
MPlus> searchAll2 gr2 0 3 :: [[Int]]
[[0,2,3]]

You mightbetemptedto implementthisas:

searchAll2 g@(Graph vl el) src dst
| src == dst = return [src]
| otherwise = search’ el
where search’ [] = fail "no path"

search’ ((u,v,_):es)
| src == u = do

path <- searchAll2 g v dst
rest <- search’ es
return ((u:path) ‘mplus‘ rest)

| otherwise = search’ es

Butnotethatthisdoesn’t dowhatwewant.Here,if therecursivecall tosearchAll2
fails, we don’t try to continuedown andexecutesearch’ es . The call to mplus
mustbeat thetop level in orderfor it to work.

Exercises
Exercise28 Supposethat we changedthe order of argumentsto mplus . I.e., the
matching caseof search’ lookedlike:

search’ es ‘mplus‘
(searchAll2 g v dst >>= \path ->
return (u:path))
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How would you expectthis to changethe resultswhenusingthe list monadon gr ?
Why?

9.7 Monad Transformers

Oftenwe wantto “piggyback” monadson top of eachother. For instance,theremight
be a casewhereyou needaccessboth to IO functions through the IO monadand
statefunctionsthroughsomestatemonad.In orderto accomplishthis, we introducea×���¶Hº�Hãc¬Iº�¶�Ú classwhich essentiallylifts onemonadon top of another. This class MonadTrans
hasa simplemethod:lift . Theclassdeclarationfor ×��<¶Eº<Eãc¬Iº�¶�Ú is: lift

class MonadTrans t where
lift :: Monad m => m a -> t m a

Theideahereis that t is theoutermonadandthatmli vesinsideof it. In orderto
executeacommandof typeMonad m => m a, wefirst lift it into thetransformer.

Thesimplestexampleof a transformer(andarguablythemostuseful)is thestate
transformermonad,which is a statemonadwrappedaroundanarbitrarymonad.Be- state monad
fore,we defineda statemonadas:

newtype State state a = State (state -> (state, a))

Now, insteadof usingafunctionof typestate -> (state, a) asthemonad,
we assumethere’ssomeothermonadmandmaketheinternalactioninto somethingof
type state -> m (state, a) . This givesrise to the following definition for a
statetransformer: state transformer

newtype StateT state m a =
StateT (state -> m (state, a))

For instance,we canthink of masIO. In this case,our statetransformermonadis
ableto executeactionsin theIO monad.First,wemakethisaninstanceof ×��<¶Eº<Eãc¬Iº�¶�Ú :
instance MonadTrans (StateT state) where

lift m = StateT (\s -> do a <- m
return (s,a))

Here,lifting afunctionfrom therealmof mto therealmof StateT state simply
involveskeepingthestate(thes value)constantandexecutingtheaction.

Of course,wealsoneedto makeStateT amonaditself. Thisis relatively straight-
forward,providedthatmis alreadya monad:
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instance Monad m => Monad (StateT state m) where
return a = StateT (\s -> return (s,a))
StateT m >>= k = StateT (\s -> do

(s’, a) <- m s
let StateT m’ = k a
m’ s’)

fail s = StateT (\_ -> fail s)

The ideabehindthe definition of return is that we keepthe stateconstantand
simply returnthestate/apair in theenclosedmonad.Notethat theuseof return in
thedefinitionof return refersto theenclosedmonad,not thestatetransformer.

In thedefinitionof bind,wecreateanew StateT whichtakesastates asanargu-
ment. First, it appliesthis stateto thefirst action(StateT m) andgetsthenew state
andanswerout. It thenrunsthek actionon this new stateandgetsa new transformer
out. It finally appliesthenew stateto this transformer. This definitionis quiteparallel
to thedefinitionof bind for thestandardState monaddescribedearlier.

The fail function simply calls fail on the enclosedmonad,sincestatetrans-
formersdon’t natively know how to dealwith failure.

Of course,in orderto actuallyusethis monad,we needto provide functiongetT -
, putT and evalStateT . Theseare analogousto getState , putState andgetT

putT

evalStateT

runStateM from Section9.3:

getT :: Monad m => StateT s m s
getT = StateT (\s -> return (s, s))

putT :: Monad m => s -> StateT s m ()
putT s = StateT (\_ -> return (s, ()))

evalStateT :: Monad m => StateT s m a -> s -> m a
evalStateT (StateT m) state = do

(s’, a) <- m state
return a

Thesefunctionsshouldbestraightforward.Note,however, thattheresultof eval-
StateT is actuallya monadicactionin theenclosedmonad.This is typical of monad
transformers:they don’t know how to actuallyrunthingsin theirenclosedmonad(they
only know how to lift actions).Thus,whatyou getout is a monadicactionin the
insidemonad(in our case,IO), which you thenneedto run yourself.

Wecanusestatetransformersto reimplementaversionof ourmapTreeM function
from Section9.3. Theonly changehereis thatwhenwe getto a leaf,we print out the
valueof theleaf;whenwe getto a branchwe justprint out “Branch”.

mapTreeM action (Leaf a) = do
lift (putStrLn ("Leaf " ++ show a))
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b <- action a
return (Leaf b)

mapTreeM action (Branch lhs rhs) = do
lift (putStrLn "Branch")
lhs’ <- mapTreeM action lhs
rhs’ <- mapTreeM action rhs
return (Branch lhs’ rhs’)

Theonly differencebetweenthis functionandtheonefrom Section9.3is thecalls
to lift (putStrLn ...) asthefirst line. The lift tells usthatwe’re goingto
be executinga commandin an enclosedmonad. In this case,the enclosedmonadis
IO , sincethecommandlifted is putStrLn .

Thetypeof this functionis actuallyrelatively complex:

mapTreeM :: (MonadTrans t, Monad (t IO), Show a) =>
(a -> t IO a1) -> Tree a -> t IO (Tree a1)

Ignoringfor a sectiontheclassconstraints,this saysthatmapTreeM takesanac-
tion anda treeandreturnsa tree. This is prettymuchthesameasbefore. In this, we
requirethat t is a monadtransformer(sincewe apply lift in it); we requirethat t
IO is a monad,sincewe useputStrLn we know that the enclosedmonadis IO ;
finally, we requirethata is aninstanceof show – this is simply becausewe useshow
to show thevalueof leaves.

Now, we simply changenumberTree to usethis versionof mapTreeM andthe
new versionsof getandput andwe endup with:

numberTree tree = mapTreeM number tree
where number v = do

cur <- getT
putT (cur+1)
return (v,cur)

Usingthis,we canrunour monad:

MTrans> evalStateT (numberTree testTree) 0
Branch
Branch
Leaf ’a’
Branch
Leaf ’b’
Leaf ’c’
Branch
Leaf ’d’
Leaf ’e’
*MTrans> it
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Branch (Branch (Leaf (’a’,0))
(Branch (Leaf (’b’,1)) (Leaf (’c’,2))))
(Branch (Leaf (’d’,3)) (Leaf (’e’,4)))

Oneproblemnot specifiedin our discussionof ×��<¶Eº<EØ\ÙK��Ú is that our search
algorithmwill fail to terminateon graphswith cycles.Consider:cycles

gr3 = Graph [(0, ’a’), (1, ’b’), (2, ’c’), (3, ’d’)]
[(0,1,’l’), (1,0,’m’), (0,2,’n’),

(1,3,’o’), (2,3,’p’)]

In this graph,thereis a backedgefrom nodeb backto a. If we attemptto run
searchAll2 , no matterwhat monadwe use,we will fail to terminate.Moreover,
if we move this erroneousedgeto theendof thelist (andcall this gr4 ), the resultof
searchAll2 gr4 0 3 will containan infinite numberof paths: presumablywe
only wantoneswhich don’t containcycles.

In orderto getaroundthis problem,we needto introducestate.Namely, we need
to keeptrackof which nodeswe have visitedsothatwe don’t visit themany more.

Wecando this asfollows:

searchAll5 g@(Graph vl el) src dst
| src == dst = do

visited <- getT
putT (src:visited)
return [src]

| otherwise = do
visited <- getT
putT (src:visited)
if src ‘elem‘ visited

then mzero
else search’ el

where
search’ [] = mzero
search’ ((u,v,_):es)

| src == u =
(do path <- searchAll5 g v dst

return (u:path)) ‘mplus‘
search’ es

| otherwise = search’ es

Here,we implicitly usea statetransformer(seethe calls to getT andputT ) to
keeptrackof visitedstates.Weonly continueto recursewhenweencountera statewe
haven’t yet visited. Futhermore,whenwe recurse,we addthecurrentstateto our set
of visitedstates.

Now, we canrun thestatetransformerandgetout only thecorrectpaths,even on
thecyclic graphs:
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MTrans> evalStateT (searchAll5 gr3 0 3) [] :: [[Int]]
[[0,1,3],[0,2,3]]
MTrans> evalStateT (searchAll5 gr4 0 3) [] :: [[Int]]
[[0,1,3],[0,2,3]]

Here,theemptylist providedasanargumentto evalStateT is theinitial state:
i.e., theinitial visitedlist. In our case,it is empty.

We canalsoprovide anexecStateT methodwhich, insteadof giving usbacka
result,givesusbackthefinal state.This functionlookslike:

execStateT :: Monad m => StateT s m a -> s -> m s
execStateT (StateT m) state = do

(s’, a) <- m state
return s’

This is not so useful in our case,asit will give backto us exactly the reverseof
evalStateT (try it andfind out!), but canbe usefulin general(if, for instance,we
needto know how many numbersareusedin numberTree ).

Exercises
Exercise29 Write a function searchAll6 basedon the codefor searchAll2
which, at everyentryto themainfunction(not therecursionovertheedgelist), prints
thesearch beingconducted.For instance,theoutputgeneratedfor searchAll6 gr
0 3 shouldlook like:

Exploring 0 -> 3
Exploring 1 -> 3
Exploring 3 -> 3
Exploring 2 -> 3
Exploring 3 -> 3
MTrans> it
[[0,1,3],[0,2,3]]

In order to do this,youwill haveto defineyour ownlist monadtransformerandmake
appropriateinstancesof it.

Exercise30 CombinethesearchAll5 function(fromthissection)with thesearchAll6
function(fromthepreviousexercise)into a singlefunctioncalledsearchAll7 . This
functionshouldperformIO as in searchAll6 but also keeptrack of stateusinga
statetransformer.

9.8 Parsing Monads

todo: Introduction...
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9.8.1 A SimpleParsing Monad

Considerthetaskof parsing.A simpleparsingmonadis muchlike astatemonadwhere
thestateis theunparsedstring.We canrepresentthis exactly as:

newtype Parser a = Parser
{ runParser :: String -> Either String (String, a) }

WeagainuseLeft err to beanerrorcondition.Thisyieldsstandardinstanceof×��<¶Eº< and ×���¶Eº<EØ\ÙK��Ú :
instance Monad Parser where

return a = Parser (\xl -> Right (xl,a))
fail s = Parser (\xl -> Left s)
Parser m >>= k = Parser $ \xl ->

case m xl of
Left s -> Left s
Right (xl’, a) ->

let Parser n = k a
in n xl’

instance MonadPlus Parser where
mzero = Parser (\xl -> Left "mzero")
Parser p ‘mplus‘ Parser q = Parser $ \xl ->

case p xl of
Right a -> Right a
Left err -> case q xl of

Right a -> Right a
Left _ -> Left err

Now, wewantto build upa library of paring“primiti ves.” Themostbasicprimitiveprimitives
is aparserthatwill readaspecificcharacter. This functionlookslike:

char :: Char -> Parser Char
char c = Parser char’

where char’ [] = Left ("expecting " ++ show c ++
" got EOF")

char’ (x:xs)
| x == c = Right (xs, c)
| otherwise = Left ("expecting " ++

show c ++ " got " ++
show x)

Here, the parsersucceedsonly if the first characterof the input is the expected
character.

Wecanusethisparserto build up a parserfor thestring“Hello”:
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helloParser :: Parser String
helloParser = do

char ’H’
char ’e’
char ’l’
char ’l’
char ’o’
return "Hello"

Thisshows how easyit is to combinetheseparsers.We don’t needto worry about
theunderlyingstring: themonadtakescareof thatfor us.All weneedto do is combine
thesethings.Wecantestthis parserby usingrunParser andsupplyinginput: runParser

Parsing> runParser helloParser "Hello"
Right ("","Hello")
Parsing> runParser helloParser "Hello World!"
Right (" World!","Hello")
Parsing> runParser helloParser "hello World!"
Left "expecting ’H’ got ’h’"

Wecanhaveaslightly moregeneralfunctionwhichwill matchany characterfitting
a description:

matchChar :: (Char -> Bool) -> Parser Char
matchChar c = Parser matchChar’

where matchChar’ [] =
Left ("expecting char, got EOF")

matchChar’ (x:xs)
| c x = Right (xs, x)
| otherwise =

Left ("expecting char, got " ++
show x)

Usingthis,we canwrite a case-insensitive “Hello” parser:

ciHelloParser = do
c1 <- matchChar (‘elem‘ "Hh")
c2 <- matchChar (‘elem‘ "Ee")
c3 <- matchChar (‘elem‘ "Ll")
c4 <- matchChar (‘elem‘ "Ll")
c5 <- matchChar (‘elem‘ "Oo")
return [c1,c2,c3,c4,c5]

Of course,wecouldhaveusedsomethinglike matchChar ((==’h’) . toLower) ,
but thisworksjustaswell. Wecantestthis:
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Parsing> runParser ciHelloParser "hELlO world!"
Right (" world!","hELlO")

Finally, we canhave a functionwhich will matchany characteratall:

anyChar :: Parser Char
anyChar = Parser anyChar’

where anyChar’ [] =
Left ("expecting character, got EOF")

anyChar’ (x:xs) = Right (xs, x)

On top of theseprimitiveswe usuallybuild somecombinators.Themany combi-many
nator, for instance,will takea parserwhich parsesthingsof type a andwill makeit
into a parserwhich parsesthingsof type [a] (this is a Kleene-staroperator):

many :: Parser a -> Parser [a]
many (Parser p) = Parser many’

where many’ xl =
case p xl of

Left err -> Right (xl, [])
Right (xl’,a) ->

let Right (xl’’, rest) = many’ xl’
in Right (xl’’, a:rest)

The idea here is that first we try to apply the given parser, p. If this fails, we
succeed, but returntheemptylist. If p succeeds,we recurseandkeeptrying to apply
p until it fails. We whenreturnthelist we’ve built up.

In general,therewould be many more functionsof this sort, andthey would be
hiddenaway in a library so that userscould actually look inside the Parser type.
However, usingthem,you could build up, for instance,a parserwhich parses(non-
negative) integers:

int :: Parser Int
int = do

t1 <- matchChar isDigit
tr <- many (matchChar isDigit)
return (read (t1:tr))

Theideahereis thatfirst wematchadigit (theisDigit functioncomesfrom the
moduleChar /Data.Char ) andthenmatchasmany digits moreaswe can.We then
read theresultandreturnit. We cantestthisparserasbefore:

Parsing> runParser int "54"
Right ("",54)
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*Parsing> runParser int "54abc"
Right ("abc",54)
*Parsing> runParser int "a54abc"
Left "expecting char, got ’a’"

Now, supposewewantto parseaHaskell-stylelist of ints. Thisbecomessomewhat
difficult becauseat somepoint we’re eithergoing to parsea commaor a closebrace,
but we don’t know whenthis will happen.This is wherethe fact thatParser is an
instanceof ×��<¶Eº<EØ\ÙK��Ú comesin handy:first wetry one,thenwe try theother.

Considerthefollowing code:

intList :: Parser [Int]
intList = do

char ’[’
intList’ ‘mplus‘ (char ’]’ >> return [])

where intList’ = do
i <- int
r <- (char ’,’ >> intList’) ‘mplus‘

(char ’]’ >> return [])
return (i:r)

Thefirst thing this codedoesis parseandopenbrace.Then,usingmplus , it tries mplus
oneof two things:parsingusingintList’ , or parsingaclosebraceandreturningan
emptylist.

The intList’ functionassumeswe’re not yetat theendof thelist andsoit first
parsesandint. It thenparsesthe restof the list. However, it doesn’t know whether
we’re at theendyetor not, soit againusingmplus . On theonehand,it tries to parse
a commaandthenrecurse;on theother, it parsesa closebraceandreturnstheempty
list. Eitherway, it simply prependstheint it parseditself to thebeginning.

Onething thatyoushouldbecarefulof is theorderin whichyousupplyarguments
to mplus . Considerthefollowing parser:

tricky =
mplus (string "Hal") (string "Hall")

You mightexpectthisparserto parseboththewords“Hal” and“Hall”; however, it
only parsestheformer. You canseethis with:

Parsing> runParser tricky "Hal"
Right ("","Hal")
Parsing> runParser tricky "Hall"
Right ("l","Hal")

This is becauseit tries to parse“Hal”, which succeedsandthenit doesn’t bother
trying to parse“Hall”.
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Youcanattemptto fix thisby providing aparserprimitivewhichdetectsend-of-file
(really, end-of-string)as:

eof :: Parser ()
eof = Parser eof’

where eof’ [] = Right ([], ())
eof’ xl = Left ("Expecting EOF, got " ++

show (take 10 xl))

You might thenrewrite tricky usingthis as:

tricky2 = do
s <- mplus (string "Hal") (string "Hall")
eof
return s

But thisalsodoesn’t work, aswe caneasilysee:

Parsing> runParser tricky2 "Hal"
Right ("",())
Parsing> runParser tricky2 "Hall"
Left "Expecting EOF, got \"l\""

This is because,again,the mplus doesn’t know that it needsto parsethe whole
input. Sowhenyou provide it with “Hall”, it parsesjust “Hal” andleavesthe last“l”
aroundto beparsedlater. Thiscauseseof to produceanerrormessage.

Thecorrectway to implementthis is:

tricky3 =
mplus (do s <- string "Hal"

eof
return s)

(do s <- string "Hall"
eof
return s)

Wecanseethatthis works:

Parsing> runParser tricky3 "Hal"
Right ("","Hal")
Parsing> runParser tricky3 "Hall"
Right ("","Hall")
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This workspreciselybecauseeachsideof themplus knows that it mustreadthe
end.

In this case,fixing the parserto acceptboth “Hal” and“Hall” wasfairly simple,
dueto thefact thatwe assumedwe wouldbereadinganend-of-fileimmediatelyafter.
Thingscangeta bit morecomplicatedif we cannotdiambiguateimmediately.

Exercises
Exercise31 Writea parserintListSpace which will parseint lists,but will allow
arbitrary whitespace(spaces,tabsor newlines)betweenthecommasandbrackets.

Given this monadicparser, it is fairly easyto add information regardingsource
position. For instance,if we’re parsinga large file, it might be helpful to report the
line numberon which an error occurred. We could do this simply by extendingthe line numbers
Parser type,modifying theinstancesandtheprimitives:

newtype Parser a = Parser
{ runParser :: Int -> String ->

Either String (Int, String, a) }

instance Monad Parser where
return a = Parser (\n xl -> Right (n,xl,a))
fail s = Parser (\n xl -> Left (show n ++

": " ++ s))
Parser m >>= k = Parser $ \n xl ->

case m n xl of
Left s -> Left s
Right (n’, xl’, a) ->

let Parser m2 = k a
in m2 n’ xl’

instance MonadPlus Parser where
mzero = Parser (\n xl -> Left "mzero")
Parser p ‘mplus‘ Parser q = Parser $ \n xl ->

case p n xl of
Right a -> Right a
Left err -> case q n xl of

Right a -> Right a
Left _ -> Left err

matchChar :: (Char -> Bool) -> Parser Char
matchChar c = Parser matchChar’

where matchChar’ n [] =
Left ("expecting char, got EOF")

matchChar’ n (x:xs)
| c x =

Right (n+if x==’\n’ then 1 else 0
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, xs, x)
| otherwise =

Left ("expecting char, got " ++
show x)

The definitionsfor char andanyChar areellided sincethey canbe written in
termsof matchChar . The many functionneedsto be modifiedonly to includethe
new state.

Now, whenwe run a parser, it will tell uswhatline numbertheerror is on (if there
is anerror):

Parsing2> runParser helloParser 1 "Hello"
Right (1,"","Hello")
Parsing2> runParser int 1 "a54"
Left "1: expecting char, got ’a’"
Parsing2> runParser intList 1 "[1,2,3,a]"
Left "1: expecting ’]’ got ’1’"

WecanusetheintListSpace parserfrom theprior exerciseto seethatthisdoes
in factwork:

Parsing2> runParser intListSpace 1
"[1 ,2 , 4 \n\n ,a\n]"

Left "3: expecting char, got ’a’"
Parsing2> runParser intListSpace 1

"[1 ,2 , 4 \n\n\n ,a\n]"
Left "4: expecting char, got ’a’"
Parsing2> runParser intListSpace 1

"[1 ,\n2 , 4 \n\n\n ,a\n]"
Left "5: expecting char, got ’a’"

We can seethat the line numberon which the error occursincreasesaswe add
additionalnewlinesbeforetheerroneous“a”.

9.8.2 Parsec

As youcontinuedevelopingyourparser, youmightwantto addmoreanmorefeatures.
Luckily, someone(GrahamHuttonandDaanLeijen)hasalreadydonethis for usin the
Parseclibrary. Thissectionis intendedto beanintroductionto theParseclibrary; it by
no meanscoversthewholelibrary, but it shouldbeenoughto getyou going.

Like our libarary, Parsecprovidesafew basicfunctionsto build parsersfrom char-
acters.Theseare:char , whichis thesameasourchar ; anyChar , whichis thesamechar

anyChar asour anyChar ; satisfy , which is thesameasour matchChar ; oneOf , which
satisfy

oneOf

takesa list of CEDGF!) s andmatchesany of then;andnoneOf which is theoppositeof

noneOf

oneOf .
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TheprimaryfunctionParsecusesto run a parseris parse . However, in addition
parse to a parser, this functiontakesa stringrepresentingthesameof thefile you’reparsing.

This is so that it can give bettererror message.We can try parsingwith the above
functions:

ParsecI> parse (char ’a’) "stdin" "a"
Right ’a’
ParsecI> parse (char ’a’) "stdin" "ab"
Right ’a’
ParsecI> parse (char ’a’) "stdin" "b"
Left "stdin" (line 1, column 1):
unexpected "b"
expecting "a"
ParsecI> parse (char ’H’ >> char ’a’ >> char ’l’)

"stdin" "Hal"
Right ’l’
ParsecI> parse (char ’H’ >> char ’a’ >> char ’l’)

"stdin" "Hap"
Left "stdin" (line 1, column 3):
unexpected "p"
expecting "l"

Here,we canseea few differencesbetweenour parserandParsec:first of all, we
don’t getbacktherestof thestringwhenwerunparse . Secondly, theerrormessages
producedaremuchbetter.

In additionto thebasiccharacterparsingfunctions,Parsecprovidesprimitivesfor:
spaces , which is the sameasours;space which parsesa singlespace;letter , spaces

space

letter

which parsesa letter; digit , which parsesa digit; string , which is the sameas

digit

string

ours;anda few others.
Wecanwrite our int andintList functionsin Parsecas:

int :: CharParser st Int
int = do

i1 <- digit
ir <- many digit
return (read (i1:ir))

intList :: CharParser st [Int]
intList = do

char ’[’
intList’ ‘mplus‘ (char ’]’ >> return [])

where intList’ = do
i <- int
r <- (char ’,’ >> intList’) ‘mplus‘

(char ’]’ >> return [])
return (i:r)
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First,notethetypesignatures.Thest typevariableis simplyastatevariablewhich
we arenot using. In the int function,we usethemany function(built in to Parsec)
togetherwith thedigit function(alsobuilt in to Parsec).The intList function is
actuallyidenticalto before.

Note,however, thatusingmplus explicitly is not thepreferredmethodof combin-
ing parsers:Parsecprovidesa <|> functionwhich is a synonym of mplus , but looks
nicer:

intList :: CharParser st [Int]
intList = do

char ’[’
intList’ <|> (char ’]’ >> return [])

where intList’ = do
i <- int
r <- (char ’,’ >> intList’) <|>

(char ’]’ >> return [])
return (i:r)

Wecantestthis:

ParsecI> parse intList "stdin" "[3,5,2,10]"
Right [3,5,2,10]
ParsecI> parse intList "stdin" "[3,5,a,10]"
Left "stdin" (line 1, column 6):
unexpected "a"
expecting digit

In additionto thesebasiccombinators,Parsecprovidesa few otherusefulones:� choice takesa list of parsersandperformsanor (<|> ) betweenall of them.� option takesadefaultvalueof typea andaparserwhichreturnssomethingof
type a. It thentries to parsewith the parser, but usingthedefaultvalueasthe
returnif theparsingfails.� optional takesa parserwhich returns() andmakesa parserwhich might
parseor mightnot.� between takesthreeparsers:an openparser, a closeparserand a between
parser. It runsthemin orderandreturnsthevalueof thebetweenparser.� notFollowedBy takesa parserand returnsonewhich succeedsonly if the
givenparserwouldhave failed.

Supposewe want to parsea simplecalculatorlanguagewhich includesonly plus
and times. Furthermore,for simplicity, assumeeachembeddedexpressionmust be
enclosedin parentheses.Wecangive adatatypefor this languageas:
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data Expr = Value Int
| Expr :+: Expr
| Expr :*: Expr
deriving (Eq, Ord, Show)

And thenwrite a parserfor this languageas:

parseExpr :: Parser Expr
parseExpr = choice

[ do i <- int; return (Value i)
, between (char ’(’) (char ’)’) $ do

e1 <- parseExpr
op <- oneOf "+*"
e2 <- parseExpr
case op of

’+’ -> return (e1 :+: e2)
’*’ -> return (e1 :*: e2)

]

Here, the parseralternatesbetweentwo options(we could have used<|> , but
wantedto show thechoice combinatorin action).Thefirst simply parsesan int and
then wrapsit up in the Value constructor. The secondoption usingbetween to
parsestuff betweenparentheses.Whatis parsesis first anexpression,thenoneof plus
or times,thenanotherexpression.Dependingon whattheoperatoris, it returnseither
e1 :+: e2 or e1 :*: e2 .

We canmodify this parserso that insteadof computingan Expr , it simply com-
putesthevalue:

parseValue :: Parser Int
parseValue = choice

[int
,between (char ’(’) (char ’)’) $ do

e1 <- parseValue
op <- oneOf "+*"
e2 <- parseValue
case op of

’+’ -> return (e1 + e2)
’*’ -> return (e1 * e2)

]

Wecanusethisas:

ParsecI> parse parseValue "stdin" "(3*(4+3))"
Right 21



156 CHAPTER9. MONADS

Now, supposewe want to introducebindingsinto our language.That is, we want bindings
to alsobeableto say“let x = 5 in” insideof ourexpressionsandthenusethevariables
we’ve defined.In orderto do this,we needto usethegetState andsetState (orgetState

setState updateState ) functionsbuilt in to Parsec.
updateState

parseValueLet :: CharParser (FiniteMap Char Int) Int
parseValueLet = choice

[ int
, do string "let "

c <- letter
char ’=’
e <- parseValueLet
string " in "
updateState (\fm -> addToFM fm c e)
parseValueLet

, do c <- letter
fm <- getState
case lookupFM fm c of

Nothing -> unexpected ("variable " ++ show c ++
" unbound")

Just i -> return i
, between (char ’(’) (char ’)’) $ do

e1 <- parseValueLet
op <- oneOf "+*"
e2 <- parseValueLet
case op of

’+’ -> return (e1 + e2)
’*’ -> return (e1 * e2)

]

Theint andrecursive casesremainthesame.Weaddtwo morecases,oneto deal
with let-bindings,theotherto dealwith usages.

In the let-bindingscase,we first parsea “let” string, followed by the character
(the letter function is a Parsecprimitivewhich parsesalphabeticcharacters)we’re
binding, followedby it’ s value(a parseValueLet ). Thenwe parsethe “ in ” and
updatethestateto includethis binding.Finally, we continueandparsetherest.

In the usagecase,we simply parsethe characterandthenlook it up in the state.
However, if it doesn’t exist, we usethe Parsecprimitive unexpected to reportan
error.

We canseethis parserin actionusingthe runParser command,which enablesrunParser
usto provide aninitial state:

ParsecI> runParser parseValueLet emptyFM "stdin"
"let c=5 in ((5+4)*c)"

Right 45
*ParsecI> runParser parseValueLet emptyFM "stdin"
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"let c=5 in ((5+4)*let x=2 in (c+x))"
Right 63
*ParsecI> runParser parseValueLet emptyFM "stdin"

"((let x=2 in 3+4)*x)"
Right 14

Note that the bracketingdoesnot affect the definitionsof the variables. For in-
stance,in the last example, the usageof “x” is in somesenseoutsidethe scopeof
the definition. However, our parserdoesn’t notice this sinceit operatesin a strictly
left-to-right fashion. In orderto fix this, bindingswould have to be removed (seethe
exercises).

Exercises
Exercise32 Modify theparseValueLet parserso that it obeysbracketing. In or-
der to do this,youwill needto changethestateto somethinglike FiniteMap Char
[Int] , where the[Int] is a stack of definitions.
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Appendix A

Brief Complexity Theory

Complexity Theoryis thestudyof how long a programwill taketo run,dependingon
thesizeof its input. Therearemany goodintroductorybooksto complexity theoryand
thebasicsareexplainedin any goodalgorithmsbook. I’ll keepthediscussionhereto
a minimum.

Theideais to sayhow well aprogramscaleswith moredata.If youhaveaprogram
that runsquickly on very smallamountsof databut chokeson hugeamountsof data,
it’ s not very useful(unlessyou know you’ll only be working with small amountsof
data,of course). Considerthe following Haskell function to return the sum of the
elementsin a list:

sum [] = 0
sum (x:xs) = x + sum xs

How long doesit takethis functionto complete?That’sa verydifficult question;it
woulddependonall sortsof things:yourprocessorspeed,youramountof memory, the
exact way in which theadditionis carriedout, the lengthof the list, how many other
programsarerunningonyourcomputer, andsoon. Thisis far toomuchto dealwith, so
we needto inventa simplermodel.Themodelwe useis sortof anarbitrary“machine
step.” So the questionis “how many machinestepswill it takefor this programto
complete?”In this case,it only dependson thelengthof theinput list.

If theinput list is of length 5 , thefunctionwill takeeither 5 or 4 or 8 or somevery
smallnumberof machinesteps,dependingexactly on how you countthem(perhaps4
stepto do thepatternmatchingand 4 moreto returnthevalue 5 ). What if thelist is of
length 4 . Well, it wouldtakehowever muchtime thelist of length 5 would take,plusa
few morestepsfor doingthefirst (andonly element).

If theinput list is of length n , it will takehowever many stepsanemptylist would
take(call this value A ) andthen, for eachelementit would takea certainnumberof
stepsto do theadditionandtherecursivecall (call thisnumber@ ). Then,thetotal time
this function will takeis n @·;�A sinceit needsto do thoseadditions n many times.
These@ and A valuesarecalledconstantvalues, sincethey areindependentof n , and
actuallydependentonly on exactly how we definea machinestep,sowe really don’t
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wantto considerthemall thatimportant.Therefore,we saythatthecomplexity of this
sum functionis Ã �Knh� (read“order n ”). Basicallysayingsomethingis Ã �Knh� meansthat
for someconstantfactors@ and A , thefunctiontakesn @c;·A machinestepsto complete.

Considerthe following sorting algorithm for lists (commonly called “insertion
sort”):

sort [] = []
sort [x] = [x]
sort (x:xs) = insert (sort xs)

where insert [] = [x]
insert (y:ys) | x <= y = x : y : ys

| otherwise = y : insert ys

Thewaythis algorithmworksis asfollow: if wewantto sortanemptylist or a list
of just oneelement,we returnthemasthey are,asthey arealreadysorted.Otherwise,
we have a list of the form x:xs . In this case,we sort xs andthenwant to insertx
in the appropriatelocation. That’s what the insert function does. It traversesthe
now-sortedtail andinsertsx wherever it naturallyfits.

Let’sanalyzehow longthis functiontakestocomplete.Supposeit takeŝ �Knh� stepts
to sorta list of length n . Then,in orderto sorta list of n -many elements,we first have
to sortthetail of thelist first, whichtakeŝ �Kna� 4 � time. Then,wehave to insertx into
this new list. If x hasto go at theend,this will take Ã �Kn�� 4 �uM Ã ��nh� steps.Putting
all of this together, we seethatwehave to do Ã ��nh� amountof work Ã ��nh� many times,
which meansthat theentirecomplexity of this sortingalgorithmis Ã �Kn d � . Here,the
squaredis nota constantvalue,sowe cannotthrow it out.

Whatdoesthismean?Simplythatfor reallylonglists, thesum functionwon’t take
very long, but that thesort functionwill takequite sometime. Of coursethereare
algorithmsthat run muchmoreslowly that simply Ã ��n d � andthereareonesthat run
morequickly than Ã �Knh� .

Considerthe randomaccessfunctionsfor lists andarrays. In the worst case,ac-
cessingan arbitrary elementin a list of length n will take Ã �Knh� time (think about
accessingthe lastelement).However with arrays,you canaccessany elementimme-
diately, which is saidto bein constanttime,or Ã � 4 � , which is basicallyasfastanany
algorithmcango.

There’s muchmorein complexity theorythan this, but this shouldbe enoughto
allow you to understandall thediscussionsin this tutorial. Justkeepin mind that Ã � 4 �
is fasterthan Ã �Knh� is fasterthan Ã ��n d � , etc.
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Recursionand Induction

Informally, a function is recursive if its definition dependson itself. Theprototypical
exampleis factorial,whosedefinitionis:^ 
 LUä �Knh��M p 4 n·M 5n Z�^ 
 LUä �Kn�� 4 �ån_� 5

Here,we canseethat in orderto calculatê 
 LUä � : � , we needto calculatê 
 LUä � P � ,
but in orderto calculatê 
 LUä � P � , we needto calculatê 
 L%ä � 9 � , andsoon.

Recursivefunctiondefinitionsalwayscontainanumberof non-recursivebasecases
anda numberof recursive cases.In the caseof factorial, we have oneof each. The
basecaseis when n·M 5 andtherecursive caseis when n�� 5 .

Onecanactually think of the naturalnumbersthemselvesasrecursive (in fact, if
you askset theoristsaboutthis, they’ll saythis is how it is). That is, thereis a zero
elementand then for every element,it hasa successor. That is 4 MæÁ/ç LrL � 5 � 6�8 MÁ/ç L�L � 4 � 63/3/3%6�:?è79 M�Á/ç LrL � :7è?9 � 63/3/3 andsoon forever. Wecanactuallyimplementthis
systemof naturalnumbersin Haskell:

data Nat = Zero | Succ Nat

This is a recursive type definition. Here,we representoneas Succ Zero and
threeasSucc (Succ (Succ Zero)) . Onething we might wantto do is beable
to convert backandforth beween �HF/' s and |-,' s. Clearly, wecanwrite a basecaseas:

natToInt Zero = 0

In orderto write therecursive case,we realizethatwe’re goingto have something
of the form Succ n. We canmakethe assumptionthat we’ll be ableto taken and
producean Int . Assumingwe cando this,all we needto do is addoneto this result.
Thisgivesriseto our recursivecase:

natToInt (Succ n) = natToInt n + 1
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Thereis a closeconnectionbetweenrecursionandmathematicalinduction.Induc-
tion is a proof techniquewhich typically breaksproblemsdown into basecasesand
“inductive” cases,veryanalogousto ouranalysisof recursion.

Let’s saywe wantto prove thestatementnEo V n for all n V�5 . First we formulate
abasecase:namely, wewish to provethestatementwhen n_M 5 . When n�M 5 , nEo?M 4
by definition.SincenEo7M 4 � 5 M#n , we getthat 5 o Vé5 asdesired.

Now, supposethat nX� 5 . Then njMfê ;$4 for somevalue ê . We now invokethe
inductivehypothesisandclaim thatthestatementholdsfor n_M�ê . Thatis, we assume
that ê�o V ê . Now, weuseê to formatethestatementfor ourvalueof n . Thatis, nEo V n
if andonly if f ��ê ;$4 �ro V �Kê ;f4 � . We now apply thedefinition of factorial andget��ê ;ë4 ��o7MY�Kê ;�4 � Z êho . Now, we know êho V ê , so ��ê ;#4 � Z ê�o V ê ;�4 if andonly ifê ;#4aV$4 . But weknow that ê V#5 , which meansê ;#4\V�4 . Thusit is proven.

It mayseemabit counter-intuitivethatwe areassumingthattheclaim is truefor ê
in ourproof thatit is truefor n . Youcanthink of it like this: we’veprovedthestatement
for thecasewhen nsM 5 . Now, we know it’ s true for n�M 5 sousingthis we useour
inductive argumentto show that it’ s true for n�M 4 . Now, we know that it is true fornìM 4 so we reuseour inductive argumentto show that it’ s true for n±M 8 . We can
continuethisargumentaslongaswewantandthenseethatit’ s truefor all n .

It’ s muchlike pushingdown dominoes.You know thatwhenyou pushdown the
first domino,it’ sgoingto knockover thesecondone.This, in turnwill knockover the
third, andsoon. Thebasecaseis like pushingdown thefirst domino,andtheinductive
caseis like showing thatpushingdown domino ê will causethe ê ;�4 stdominoto fall.

In fact,we canuseinductionto prove thatour natToInt functiondoestheright
thing. Firstwe prove thebasecase:doesnatToInt Zero evaluateto 5 ? Yes,obvi-
ously it does.Now, we canassumethatnatToInt n evaluatesto thecorrectvalue
(this is the inductive hypothesis)andaskwhethernatToInt (Succ n) produces
thecorrectvalue.Again, it is obviousthatit does,by simply looking at thedefinition.

Let’s considera morecomplex example:additionof �EF/' s. We canwrite this con-
ciselyas:

addNat Zero m = m
addNat (Succ n) m = addNat n (Succ m)

Now, let’sprovethatthisdoesthecorrectthing. First,asthebasecase,supposethe
first argumentis Zero . We know that 5u; 	íM#	 regardlessof what 	 is; thusin the
basecasethealgorithmdoesthecorrectthing. Now, supposethataddNat n mdoes
thecorrectthing for all mandwewantto show thataddNat (Succ n) mdoesthe
correctthing. We know that ��n ;f4 � ; 	æMîn ; �K	 ;Y4 � andthussinceaddNat
n (Succ m) doesthe correctthing (by the inductive hypothesis),our programis
correct.



Appendix C

“Real World” Examples

In this sectionwe have attemptedto includethecodefor somerealworld applications
written in Haskell. We have attemptedto commentthecodesufficiently thatit canbe
understoodwith only the knowledgeof Haskellwhich comesfrom this tutorial. The
codefor all of theseprogramsisavailableoff thetutorialwebsitehttp://www.isi.edu/ hdaume/htut/
(.)
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Appendix D

SolutionsTo Exercises

Solution1
It bindsmoretightly; actually, function applicationbindsmoretightly thananything
else.To seethis,we cando somethinglike:

Prelude> sqrt 3 * 3
5.19615

If multiplicationboundmoretightly, theresultwouldhave been3.

Solution2
Solution: snd (fst ((1,’a’),"foo")) . This is becausefirst we wantto take
thefirst half the thetuple: (1,’a’) andthenout of this we want to takethesecond
half, yielding just ’a’ .

If youtried fst (snd ((1,’a’),"foo")) youwill havegottenatypeerror.
This is becausetheapplicationof snd will leaveyouwith fst "foo" . However, the
string“foo” isn’t a tuple,soyou cannotapplyfst to it.

Solution3
Solution:mapisLower ”aBCde”

Solution4
Solution:length(filter isLower ”aBCde”)

Solution5
foldr max0 [5,10,2,8,1].You couldalsousefoldl. Thefoldr caseis easierto explain:
we replaceeachconswith anapplicationof maxandtheemptylist with 0. Thus,the
inner-mostapplicationwill takethemaximumof 0 andthe lastelementof the list (if
it exists). Then, the next-most inner applicationwill return the maximumof what-
ever wasthemaximumbeforeandthesecond-to-lastelement.This will continueon,
carryingto currentmaximumall thewaybackto thebeginningof thelist.
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In thefoldl case,wecanthink of thisaslookingateachelementin thelist in order.
We startoff our “state” with 0. We pull off the first elementandcheckto seeif it’ s
biggerthanour currentstate.If it is, wereplaceour currentstatewith thatnumberand
thecontinue.This happensfor eachelementandthuseventuallyreturnsthemaximal
element.

Solution6
fst (head(tail [(5,’b’),(1,’c’),(6,’a’)]))

Solution7
We candefinea fibonaccifunctionas:

fib 1 = 1
fib 2 = 1
fib n = fib (n-1) + fib (n-2)

Wecouldalsowrite it usingexplicit if statements,like:

fib n =
if n == 1 || n == 2

then 1
else fib (n-1) + fib (n-2)

Eitheris acceptable,but thefirst is perhapsmorenaturalin Haskell.

Solution8
We candefine: ï°ð�ñ�òqó ï ñ�òfôï2õ�ï\ð2ö�ñÔ÷ìôø

otherwise

And thentypeout code:

mult a 1 = a
mult a b = a + mult a (b-1)

Notethatit doesn’t matterwhich of

ï
and

ñ
we do therecursionon. We couldjust

aswell have definedit as:

mult 1 b = b
mult a b = b + mult (a-1) b

Solution9
We candefinemy mapas:
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my_map f [] = []
my_map f (x:xs) = f x : my_map f xs

Recallthatthemy mapfunctionis supposedto applya functionf to everyelement
in thelist. In thecasethatthelist is empty, thereareno elementsto applythefunction
to, sowejust returntheemptylist.

In the casethat the list is non-empty, it is an elementx followed by a list xs .
Assumingwe’ve alreadyproperlyappliedmy map to xs , thenall we’re left to do is
apply f to x andthenstick the resultstogether. This is exactly what the secondline
does.

Solution10
Thecodebelow appearsin Numbers.hs . Theonly tricky partsaretherecursivecalls
in getNums andshowFactorials .

module Main
where

import IO

main = do
nums <- getNums
putStrLn ("The sum is " ++ show (sum nums))
putStrLn ("The product is " ++ show (product nums))
showFactorials nums

getNums = do
putStrLn "Give me a number (or 0 to stop):"
num <- getLine
if read num == 0

then return []
else do rest <- getNums

return ((read num :: Int):rest)

showFactorials [] = return ()
showFactorials (x:xs) = do

putStrLn (show x ++ " factorial is " ++
show (factorial x))

showFactorials xs

factorial 1 = 1
factorial n = n * factorial (n-1)

Theideafor getNums is just asspelledout in thehint. For showFactorials ,
we considerfirst the recursive call. Supposewe have a list of numbers,the first of
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which is x . First we print out the stringshowing the factorial. Thenwe print out the
rest,hencethe recursive call. But what shouldwe do in the caseof the empty list?
Clearly we aredone,so we don’t needto do anything at all, so we simply return
() .

Notethatthismustbereturn () insteadof just () becauseif we simply wrote
showFactorials [] = () thenthis wouldn’t beanIO action,asit needsto be.
For moreclarificationon this,youshouldprobablyjustkeepreadingthetutorial.

Solution11 1.ù(ú�û�ü-ýþ
or ÿ������ û��

2. typeerror: listsarehomogenous

3. �
	�����

ö
��������� û ø

4. � ýú
5. typeerror: cannotaddvaluesof differenttypes

Solution12
Thetypes:

1.

ö
�����

ø�÷
� �

2. ÿ�� � ÷ � �
3. ÿ�� � ÷ ���������
4. ÿ�� � ÷ � �
5. ÿµÿ�� ��� ÷ � �

Solution13
Thetypes:

1. �

÷
� ÿ�� � . Thisfunctiontakesanelementandreturnsthelist containingonly that

element.

2. �

÷
� �

÷
� �

÷
�
ö
���/ÿ�� � ø . Thesecondandthird argumentmustbeof thesame

type,sincethey go into thesamelist. Thefirst elementcanbeof any type.

3. �
	����

ò
� �

÷
� � . Sincewe apply(+) to � , it mustbeaninstanceof �
	�� .

4. �

÷
� ùBú�û+ü-ý/þ . This ignoresthefirst argument,soit canbeany type.

5.

ö
����� û ÷ � � ø�÷ � � . In thisexpression,x mustbeafunctionwhich takesa ����� û

asanargument.We don’t know anything aboutwhat it produces,though,sowe
call it � .
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6. Typeerror. Here,we assumex hastype � . But x is appliedto itself, so it must
have type �

÷
� � . But thenit musthave type

ö
�

÷
�!�
ø ÷
� � , but thenit must

have type

öUö
�

÷
� �
ø ÷
� �
ø�÷
� � andsoon, leadingto aninfinite type.

7. �"	��#�

ò
� �

÷
� � . Again, sincewe apply (+) , this mustbe an instanceof

�"	�� .

Solution14
Thedefinitionswill besomethinglike:

data Triple a b c = Triple a b c

tripleFst (Triple x y z) = x
tripleSnd (Triple x y z) = y
tripleThr (Triple x y z) = z

Solution15
Thecode,with typesignatures,is:

data Quadruple a b = Quadruple a a b b

firstTwo :: Quadruple a b -> [a]
firstTwo (Quadruple x y z t) = [x,y]

lastTwo :: Quadruple a b -> [b]
lastTwo (Quadruple x y z t) = [z,t]

We note here that there are only two type variables,a and b associatedwith
Quadruple .

Solution16
Thecode:

data Tuple a b c d e = One a
| Two a b
| Three a b c
| Four a b c d

tuple1 (One a ) = Just a
tuple1 (Two a b ) = Just a
tuple1 (Three a b c ) = Just a
tuple1 (Four a b c d) = Just a

tuple2 (One a ) = Nothing
tuple2 (Two a b ) = Just b
tuple2 (Three a b c ) = Just b



176 APPENDIXD. SOLUTIONSTO EXERCISES

tuple2 (Four a b c d) = Just b

tuple3 (One a ) = Nothing
tuple3 (Two a b ) = Nothing
tuple3 (Three a b c ) = Just c
tuple3 (Four a b c d) = Just c

tuple4 (One a ) = Nothing
tuple4 (Two a b ) = Nothing
tuple4 (Three a b c ) = Nothing
tuple4 (Four a b c d) = Just d

Solution17
Thecode:

fromTuple (One a ) = Left (Left a )
fromTuple (Two a b ) = Left (Right (a,b) )
fromTuple (Three a b c ) = Right (Left (a,b,c) )
fromTuple (Four a b c d) = Right (Right (a,b,c,d))

Here,we useembeddedEither s to representthefact that therearefour (instead
of two) options.

Solution18
Thecode:

listHead (Cons x xs) = x
listTail (Cons x xs) = xs

listFoldl f y Nil = y
listFoldl f y (Cons x xs) = listFoldl f (f y x) xs

listFoldr f y Nil = y
listFoldr f y (Cons x xs) = f x (foldr f z xs)

Solution19
Thecode:

elements (Leaf x) = [x]
elements (Branch lhs x rhs) =

elements lhs ++ [x] ++ elements rhs

Solution20
Thecode:
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foldTree :: (a -> b -> b) -> b -> BinaryTree a -> b
foldTree f z (Leaf x) = f x z
foldTree f z (Branch lhs x rhs) =

foldTree f (f x (foldTree f z rhs)) lhs

elements2 = foldTree (:) []

or:

elements2 tree = foldTree (\a b -> a:b) [] tree

Thefirst elements2 is simplya morecompactversionof thesecond.

Solution21
Using if , we getsomethinglike:

main = do
putStrLn "Please enter your name:"
name <- getLine
if name == "Simon" || name == "John" || name == "Phil"

then putStrLn "Haskell is great!"
else if name == "Koen"

then putStrLn "Debugging Haskell is fun!"
else putStrLn "I don’t know who you are."

Note that we don’t needto repeatthe dos insidethe ifs, sincetheseareonly one
actioncommands.

We couldalsobea bit smarterandusetheelem commandwhich is built in to the
Prelude:

main = do
putStrLn "Please enter your name:"
name <- getLine
if name ‘elem‘ ["Simon", "John", "Phil"]

then putStrLn "Haskell is great!"
else if name == "Koen"

then putStrLn "Debugging Haskell is fun!"
else putStrLn "I don’t know who you are."

Of course,we needn’t put all theputStrLn s insidethe if statements.We could
insteadwrite:

main = do
putStrLn "Please enter your name:"
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name <- getLine
putStrLn

(if name ‘elem‘ ["Simon", "John", "Phil"]
then "Haskell is great!"
else if name == "Koen"

then "Debugging Haskell is fun!"
else "I don’t know who you are.")

Usingcase, we getsomethinglike:

main = do
putStrLn "Please enter your name:"
name <- getLine
case name of

"Simon" -> putStrLn "Haskell is great!"
"John" -> putStrLn "Haskell is great!"
"Phil" -> putStrLn "Haskell is great!"
"Koen" -> putStrLn "Debugging Haskell is fun!"
_ -> putStrLn "I don’t know who you are."

Which, in thiscase,is actuallynot muchcleaner.

Solution22
Thecodemight look somethinglike:

module DoFile where

import IO

main = do
putStrLn "Do you want to [read] a file, ...?"
cmd <- getLine
case cmd of

"quit" -> return ()
"read" -> do doRead; main
"write" -> do doWrite; main
_ -> do putStrLn

("I don’t understand the command "
++ cmd ++ ".")

main

doRead = do
putStrLn "Enter a file name to read:"
fn <- getLine
bracket (openFile fn ReadMode) hClose
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(\h -> do txt <- hGetContents h
putStrLn txt)

doWrite = do
putStrLn "Enter a file name to write:"
fn <- getLine
bracket (openFile fn WriteMode) hClose

(\h -> do putStrLn
"Enter text (...):"

writeLoop h)

writeLoop h = do
l <- getLine
if l == "."

then return ()
else do hPutStrLn h l

writeLoop h

Theonly interestingthingsherearethecallsto bracket , whichensurethethatthe
programliveson, regardlessof whetherthere’s a failure or not; andthewriteLoop
function. Note that we needto passthe handlereturnedby openFile (through
bracket to this function,soit knowswhereto write theinput to).

Solution23
Functionfunc3 cannotbeconvertedinto point-freestyle.Theotherslook something
like:

func1 x = map (*x)

func2 f g = filter f . map g

func4 = map (+2) . filter (‘elem‘ [1..10]) . (5:)

func5 = foldr (uncurry $ flip f) 0
\end{Soln}
\begin{Soln}{24}
We can start out with a recursive definition:

\begin{code}
and [] = True
and (x:xs) = x && and xs

Fromhere,we canclearlyrewrite thisas:

and = foldr (&&) True
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Solution25
We canwrite this recursively as:

concatMap f [] = []
concatMap f (x:xs) = f x ++ concatMap f xs

Thishintsthatwecanwrite thisas:

concatMap f = foldr (\a b -> f a ++ b) []

Now, we cando point eliminationto get:

foldr (\a b -> f a ++ b) []
==> foldr (\a b -> (++) (f a) b) []
==> foldr (\a -> (++) (f a)) []
==> foldr (\a -> ((++) . f) a) []
==> foldr ((++) . f) []

Solution26
Thefirst law is: return a >>= f $ f a. In thecaseof %&�(')��* , we get:

return a >>= f
==> Just a >>= \x -> f x
==> (\x -> f x) a
==> f a

Thesecondlaw is: f >>= return $ f . Here,weget:

f >>= return
==> f >>= \x -> return x
==> f >>= \x -> Just x

At this point, therearetwo casesdependingon whetherf is Nothing or not. In
thefirst case,weget:

==> Nothing >>= \x -> Just x
==> Nothing
==> f

In thesecondcase,f is Just a. Then,weget:

==> Just a >>= \x -> Just x
==> (\x -> Just x) a
==> Just a
==> f
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And thesecondlaw is shown. The third law states:f >>= ( + x -> g x >>=
h) $ (f >>= g) >>= h.

If f is Nothing , thentheleft-hand-sideclearlyreducesto Nothing . Theright-
hand-sidereducesto Nothing >>= h which in turn reducesto Nothing , so they
arethesame.

Supposef is Just a. Thenthe LHS reducesto g a >>= h andthe RHS re-
ducesto (Just a >>= + x -> g x) >>= h which in turnreducesto g a >>=
h, sothesetwo arethesame.

Solution27
Theideais thatwewish to usetheLeft constructorto representerrorsontheRight
constructorto representsuccesses.This leadsto aninstancedeclarationlike:

instance Monad (Either String) where
return x = Right x
Left s >>= _ = Left s
Right x >>= f = f x
fail s = Left s

If wetry to usethis monadto do search,we get:

Monads> searchAll gr 0 3 :: Either String [Int]
Right [0,1,3]
Monads> searchAll gr 3 0 :: Either String [Int]
Left "no path"

which is exactly whatwe want.

Solution28
Theorderto mplus essentiallydeterminsthesearchorder. Whentherecursive call to
searchAll2 comesfirst, we aredoingdepth-firstsearch.Whentherecursive call to
search’ comesfirst, we aredoingbreadth-firstsearch.Thus,usingthe list monad,
we expectthesolutionsto comein theotherorder:

MPlus> searchAll3 gr 0 3 :: [[Int]]
[[0,2,3],[0,1,3]]

Justaswe expected.

Solution29
This is a very difficult problem;if you foundthatyou werestuckimmediately, please
just readasmuchof thissolutionasyou needto try it yourself.

First,we needto definea list transformermonad.This lookslike:
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newtype ListT m e = ListT { unListT :: m [e] }

TheListT constructorsimplywrapsamonadicaction(in monadm) whichreturns
a list.

Wenow needto makethisa monad:

instance Monad m => Monad (ListT m) where
return x = ListT (return [x])
fail s = ListT (return [] )
ListT m >>= k = ListT $ do

l <- m
l’ <- mapM (unListT . k) l
return (concat l’)

Here, successis designatedby a monadicaction which returnsa singletonlist.
Failure(like in thestandardlist monad)is representedby anemptylist: of course,it’ s
actuallyanemptylist returnedfrom theenclosedmonad.Bindinghappensessentially
by runningtheactionwhich will result in a list l . This hastype [e] . We now need
to applyk to eachof theseelements(whichwill resultin somethingof typeListT m
[e2] . We needto get rid of theListT s aroundthis (by usingunListT ) andthen
concatenatethemto makea singlelist.

Now, we needto makeit aninstanceof ,.-0/�102�3546	87
instance Monad m => MonadPlus (ListT m) where

mzero = ListT (return [])
ListT m1 ‘mplus‘ ListT m2 = ListT $ do

l1 <- m1
l2 <- m2
return (l1 ++ l2)

Here,thezeroelementis amonadicactionwhich returnsanemptylist. Addition is
doneby executingbothactionsandthenconcatenatingtheresults.

Finally, we needto makeit aninstanceof ,.-0/�102�9;:�1�/87 :

instance MonadTrans ListT where
lift x = ListT (do a <- x; return [a])

Lifting an actioninto ListT simply involvesrunningit andgettingthevalue(in
this case,a) out andthenreturningthesingletonlist.

Oncewehave all this together, writing searchAll6 is fairly straightforward:

searchAll6 g@(Graph vl el) src dst
| src == dst = do

lift $ putStrLn $
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"Exploring " ++ show src ++ " -> " ++ show dst
return [src]

| otherwise = do
lift $ putStrLn $

"Exploring " ++ show src ++ " -> " ++ show dst
search’ el

where
search’ [] = mzero
search’ ((u,v,_):es)

| src == u =
(do path <- searchAll6 g v dst

return (u:path)) ‘mplus‘
search’ es

| otherwise = search’ es

Theonly change(besideschangingtherecursivecall to call searchAll6 instead
of searchAll2 ) hereis thatwe call putStrLn with appropriatearguments,lifted
into themonad.

If we look at thetypeof searchAll6 , weseethattheresult(i.e.,afterapplyinga
graphandtwo ints) hastypeMonadTrans t, MonadPlus (t IO) => t IO
[Int]) . In theory, we couldusethiswith any appropriatemonadtransformer;in our
case,we wantto useListT . Thus,we canrun thisby:

MTrans> unListT (searchAll6 gr 0 3)
Exploring 0 -> 3
Exploring 1 -> 3
Exploring 3 -> 3
Exploring 2 -> 3
Exploring 3 -> 3
MTrans> it
[[0,1,3],[0,2,3]]

This is preciselywhatwe werelooking for.

Solution30
Thisexerciseis actuallysimplerthanthepreviousone.All weneedto dois incorporate
thecalls to putT andgetT into searchAll6 andaddan extra lift to the IO calls.
This extra lift is requiredbecausenow we’re stackingtwo transformerson top of IO
insteadof just one.

searchAll7 g@(Graph vl el) src dst
| src == dst = do

lift $ lift $ putStrLn $
"Exploring " ++ show src ++ " -> " ++ show dst

visited <- getT
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putT (src:visited)
return [src]

| otherwise = do
lift $ lift $ putStrLn $

"Exploring " ++ show src ++ " -> " ++ show dst
visited <- getT
putT (src:visited)
if src ‘elem‘ visited

then mzero
else search’ el

where
search’ [] = mzero
search’ ((u,v,_):es)

| src == u =
(do path <- searchAll7 g v dst

return (u:path)) ‘mplus‘
search’ es

| otherwise = search’ es

Thetypeof thishasgrown significantly. After applyingthegraphandtwo ints,this
has type Monad (t IO), MonadTrans t, MonadPlus (StateT [Int]
(t IO)) => StateT [Int] (t IO) [Int] .

Essentiallythis meansthatwe’ve gotsomethingthat’sastatetransformerwrapped
on top of someotherarbitrary transformer(t ) which itself sits on top of IO . In our
case,t is goingto beListT . Thus,we run thisbeastby saying:

MTrans> unListT (evalStateT (searchAll7 gr4 0 3) [])
Exploring 0 -> 3
Exploring 1 -> 3
Exploring 3 -> 3
Exploring 0 -> 3
Exploring 2 -> 3
Exploring 3 -> 3
MTrans> it
[[0,1,3],[0,2,3]]

And it works,evenon gr4 .

Solution31
First we write a functionspaces which will parseoutwhitespaces:

spaces :: Parser ()
spaces = many (matchChar isSpace) >> return ()

Now, using this, we simply sprinkle calls to spaces through intList to get
intListSpace :
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intListSpace :: Parser [Int]
intListSpace = do

char ’[’
spaces
intList’ ‘mplus‘ (char ’]’ >> return [])

where intList’ = do
i <- int
spaces
r <- (char ’,’ >> spaces >> intList’)

‘mplus‘
(char ’]’ >> return [])

return (i:r)

Wecantestthatthisworks:

Parsing> runParser intListSpace "[1 ,2 , 4 \n\n ,5\n]"
Right ("",[1,2,4,5])
Parsing> runParser intListSpace "[1 ,2 , 4 \n\n ,a\n]"
Left "expecting char, got ’a’"

Solution32
We do thisby replacingthestatefunctionswith pushandpopfunctionsasfollows:

parseValueLet2 :: CharParser (FiniteMap Char [Int]) Int
parseValueLet2 = choice

[ int
, do string "let "

c <- letter
char ’=’
e <- parseValueLet2
string " in "
pushBinding c e
v <- parseValueLet2
popBinding c
return v

, do c <- letter
fm <- getState
case lookupFM fm c of

Nothing -> unexpected ("variable " ++
show c ++
" unbound")

Just (i:_) -> return i
, between (char ’(’) (char ’)’) $ do

e1 <- parseValueLet2
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op <- oneOf "+*"
e2 <- parseValueLet2
case op of

’+’ -> return (e1 + e2)
’*’ -> return (e1 * e2)

]
where

pushBinding c v = do
fm <- getState
case lookupFM fm c of

Nothing -> setState (addToFM fm c [v])
Just l -> setState (addToFM fm c (v:l))

popBinding c = do
fm <- getState
case lookupFM fm c of

Just [_] -> setState (delFromFM fm c)
Just (_:l) -> setState (addToFM fm c l)

Theprimarydifferencehereis thatinsteadof calling updateState , we usetwo
local functions,pushBinding andpopBinding . The pushBinding function
takesavariablenameandavalueandaddsthevalueontotheheadof thelist pointedto
in thestateFiniteMap . ThepopBinding functionlooksat thevalueandif thereis
only oneelementon thestack,it completelyremovesthestackfrom theFiniteMap ;
otherwiseit just removes the first element. This meansthat if somethingis in the
FiniteMap , thestackis never empty.

This enablesus to modify only slightly the usagecase;this time, we simply take
thetopelementoff thestackwhenweneedto inspectthevalueof a variable.

Wecantestthatthisworks:

ParsecI> runParser parseValueLet2 emptyFM "stdin"
"((let x=2 in 3+4)*x)"

Left "stdin" (line 1, column 20):
unexpected variable ’x’ unbound
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